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Abstract

This paper introduces a class of graphical independence models
that is closed under marginalization and conditioning but that con-
tains all DAG independence models. This class of graphs, called maxi-
mal ancestral graphs, has two attractive features: there is at most one
edge between each pair of vertices; every missing edge corresponds to
an independence relation. These features lead to a simple parametriza-
tion of the corresponding set of distributions in the Gaussian case.
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1 Introduction

The purpose of this paper is to develop a class of graphical Markov mod-
els that is closed under marginalizing and conditioning, and to describe a
parametrization of this class in the Gaussian case.
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A graphical Markov model uses a graph, consisting of vertices and edges to
represent conditional independence relations holding among a set of variables
(Lauritzen, 1979, Darroch et al., 1980). Three basic classes of graphs have
been used: undirected graphs (UGs), directed acyclic graphs (DAGs), and
chain graphs which are a generalization of the first two. (See Lauritzen, 1996;
Whittaker, 1990; Edwards, 1995.)

The associated statistical models have many desirable properties: they
are identified; the models are curved exponential families, with a well-defined
dimension; methods for fitting these models exist; unique maximum likeli-
hood estimates exist.

All of these properties are common to classes of models based on DAGs
and UGs. However, as we will now describe there is a fundamental difference
between these two classes.

Markov models based on UGs are closed under marginalization in the
following sense: if an undirected graph represents the conditional indepen-
dencies holding in a distribution then there is an undirected graph that rep-
resents the conditional independencies holding in any marginal of the distri-
bution. For example consider the graph i) in Figure 1(i) which represents
a first-order Markov chain. If we suppose that y; is not observed, then it is
self-evident that the conditional independence, y; 1Ly, | y3, which is implied
by U, is represented by the undirected graph U, in Figure 1(ii), which does
not include y,. In addition, U, does not imply any additional independence
relations that are not also implied by ;.

Y=Y Y3 —Y4 ¥
0] (i)

y3—— Y4

Figure 1: (i) an undirected graph U;; (ii) an undirected graph U, representing
the conditional independence structure induced on {y1,ys,ys} by U, after
marginalizing ys.

By contrast Markov models based on DAGs are not closed in this way.
Consider the DAG, Dy, shown in Figure 2(i). This DAG implies the following
independence relations:
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DAG D, could be used to represent two successive experiments where:

t; and ty are two completely randomized treatments, and hence there
are no edges that point towards either of these variables;

y1 and y- represent two outcomes of interest;

hg is the underlying health status of the patient;

the first treatment has no effect on the second outcome hence there is
no edge t; — yo.

There is no DAG containing only the vertices {t1,y1, t2, y2} which rep-
resents the independence relations (1) and does not also imply some other
independence relation that is not implied by D;. Consequently, any DAG
model on these vertices will either fail to represent an independence rela-
tion, and hence contain ‘too many’ edges, or will impose some additional
independence restriction that is not implied by D;.

Suppose that the patient’s underlying health status h is not observed,
and the generating structure D; is unknown. In these circumstances, a con-
ventional analysis would consider DAG models containing edges that are
consistent with the known time order of the variables. Given sufficient data,
any DAG imposing an extra independence relation will be rejected by a
likelihood-ratio test, and a DAG representing some subset of the indepen-
dence relations, such as the DAG in Figure 2(ii), will be chosen. However,
any such graph will contain the extra edge t; — s, and fail to represent
the marginal independence of these variables. Thus such an analysis would
conceal the fact that the first treatment does not affect the second outcome.
This is also an undesirable result from a purely predictive perspective, since
a model which incorporated this marginal independence constraint would be
more parsimonious.

Moreover, even if we were to consider DAGs that were compatible with
a non-temporal ordering of {41, ys, %1, %2}, we would still be unable to find
a DAG which represented all and only the independence relations in (1).
An analysis based on undirected graphs, or chain graphs, under the LWF
global Markov property, would still include additional edges. (It is possible
to represent the independence structure of D, via a chain graph with the
AMP Markov property, but this does not hold for an arbitrary DAG under
marginalization. See Section 9.4.)



@ (i)

Figure 2: (i) a directed acyclic graph Dy, representing a hypothesis concern-
ing two completely randomized treatments and two outcomes (see text for
further description); (ii) the DAG model D; resulting from a conventional
analysis of {t1,y1, 12, y2}.

One response to this situation is to consider latent variable (LV) models,
since h is a hidden variable in the model described by D;. Though this is
certainly a possible approach in circumstances where much is known about
the generating process, it seems unwise in other situations since LV models
lack almost all of the desirable statistical properties attributed to graphical
models (without hidden variables) above. In particular:

LV models are not always identified;
the likelihood may be multi-modal;

any inference may be very sensitive to assumptions made about the
unobserved variables;

LV models with hidden variables have been proved not to be curved
exponential families even in very simple cases (Geiger et al., 2001);

LV models do not in general have a well-defined dimension for use in
scores such as BIC, or y?-tests (this follows from the previous point);

the set of distributions associated with an LV model may be difficult
to characterize (see Settimi and Smith, 1999, 1998, Geiger et al., 2001,
for recent results);

LV models do not form a tractable search space: an arbitrary number
of hidden variables may be incorporated, so the class contains infinitely
many different structures relating a finite set of variables.



This presents the modeller with a dilemma: in many contexts it is clearly
unrealistic to assume that there are no unmeasured confounding variables,
and misleading analyses may result (as shown above). However, models that
explicitly include hidden variables may be very hard to work with for the
reasons just given.

The class of ancestral graph Markov models described in this paper is
intended to provide a partial resolution to this conundrum. This class extends
the class of DAG models, but is closed under marginalization. In addition,
as we show in this paper, at least in the Gaussian case these models retain
many of the desirable properties possessed by standard graphical models. It
should be noted however that two different DAG models may lead to the
same ancestral graph, so in this sense information is lost.

Up to this point we have considered closure under marginalization. There
is a similar notion of closure under conditioning that is motivated by con-
sidering selection effects (see Cox and Wermuth, 1996, Cooper, 1995). UG
Markov models are closed under conditioning, DAG models are not. The
class of Markov models described here is also closed under conditioning.

The remainder of the paper is organized as follows:

We introduce basic graphical notation and definitions in Section 2. Sec-
tion 3 introduces the class of ancestral graphs and the associated global
Markov property. We also define the subclass of maximal ancestral graphs,
which obey a pairwise Markov property.

In Section 4 we formally define the operation of marginalizing and con-
ditioning for independence models, and a corresponding graphical transfor-
mation. Theorem 4.18 establishes that the independence model associated
with the transformed graph is the same as the model resulting from applying
the operations of marginalizing and conditioning to the independence model
given by the original graph. It is also shown that the graphical transforma-
tions commute (Theorem 4.20).

Two extension results are proved in Section 5. It is first shown that by
adding edges a non-maximal graph may be made maximal and this exten-
sion is unique (Theorem 5.1). Second, it is demonstrated that a maximal
graph may be made complete (so that there is an edge between every pair
of vertices) by a sequence of edge additions that preserve maximality {The-
orem 5.6). In Section 6 it is shown that every maximal ancestral graph may
be obtained by transforming a DAG, the structure of which bears a simple



relation to the original ancestral graph (Theorem 6.4). Consequently, every
independence model associated with an ancestral graph may be obtained by
applying the operations of marginalizing and conditioning to some indepen-
dence model given by a DAG.

Section 7 relates the operations of marginalizing and conditioning that
have been defined for independence models to probability distributions. The-
orem 7.6 then shows that the global Markov property for ancestral graphs is
complete.

In Section 8 we define a Gaussian parametrization of an ancestral graph.
It is shown in Theorem 8.7 that each parameter is either a concentration, a
regression coeflicient, or a residual variance or covariance. Theorem 8.14 es-
tablishes that if the graph is maximal then the set of Gaussian distributions
associated with the parametrization is exactly the set of Gaussian distribu-
tions which obey the global Markov property for the graph.

Section 9 contrasts the class of ancestral graphs to summary graphs, in-
troduced by Wermuth et al. (1994), and MC-graphs introduced by Koster
(1999a). Finally Section 10 contains a brief discussion.

2 Basic Definitions and Concepts

In this section we introduce notation and terminology for describing inde-
pendence models and graphs.

2.1 Independence Models

An independence model J over a set V is a set of triples (X,Y | Z) where
X, Y and Z are disjoint subsets of V; X and Y are non-empty. The triple
(X,Y | Z) is interpreted as saying that X is independent of ¥ given Z. In
Section 7 we relate this definition to conditional independence in a probability
distribution. (As defined here, an ‘independence model’ need not correspond
to the set of independence relations holding in any probability distribution.)

2.1.1 Graphical independence models

A graph G is an ordered pair (V, E') where V' is a set of vertices and F is a set
of edges. A separation criterion C associates an independence model J-(G)

oy



with graph G:
(X,)Y | Z) € 3c(G) < X is separated from Y by Z in G under criterion C

Such a criterion C is also referred to as a global Markov property. The
d-separation criterion introduced by Pearl (1988) is an example of such a
criterion.

2.2 Mixed Graphs

A mized graph is a graph containing three types of edge, undirected, ( — ),
directed, (—), and bi-directed («»). We use the following terminology to
describe relations between variables in such a graph:

a—f neighbour « € neg(f3)

~ B € spg (8

If @ in G then v is a spouse of 3, and @ € bg()
a— B parent a € pag(p)

o 8 child a € chg(B)

Note that the three edge types should be considered as distinct symbols, and
in particular,

a—f # aZf # aep

If there is an edge o — 3, or @ +» [ then there is said to be an arrowhead at
3 on this edge. If there is at least one edge between a pair of vertices then
these vertices are adjacent. We do not allow a vertex to be adjacent to itself.
A graph G’ = (V', F') is a subgraph of G = (V,E) if V! C V and every
edge in G’ is present in G. The induced subgraph of G over A, denoted G4
has vertex set A, and contains every edge present in G between the vertices
in A. (See Appendix A.1 for more formal statements of these definitions.)

2.3 Paths and Edge Sequences

A sequence of edges between « and 3 in G is an ordered (multi}set of edges
(€1,...,€,), such that there exists a sequence of vertices (not necessarily dis-
tinct) (o = wy, ..., wee1 = F)(n > 0), where edge €; has endpoints w;, w;.;.
A sequence of edges for which the corresponding sequence of vertices con-
tains no repetitions is called a path. We will use bold greek (p) to denote
paths and single edges, and fraktur (s} to denote sequences. Note that the

-
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result of concatenating two paths with a common endpoint is not necessarily
a path, though it is always a sequence. Paths and sequences consisting of a
single vertex, corresponding to a sequence of no edges, are permitted for the
purpose of simplifying proofs; such paths will be called empty as the set of
associated edges is empty.

We denote a subpath of a path m, by mw(wj,wrr1) = {€,...,€&), and
likewise for sequences. Unlike a subpath, a subsequence is not uniquely
specified by the start and end vertices, hence the context will also make clear
which occurrence of each vertex in the sequence is referred to.

We define a path as a sequence of edges rather than vertices because the
latter does not specify a unique path when there may be two edges between
a given pair of vertices. (However, from Section 3 on we will only consider
graphs containing at most one edge between each pair of vertices.) A path
of the form o — --- — 3, on which every edge is of the form —, with the
arrowheads pointing towards f is a directed path from « to 3.

2.4 Ancestors and Anterior Vertices

A vertex « is said to be an ancestor of a vertex [ if either there is a directed
path a — -+« — g from « to 3, or o = .

A vertex « is said to be anterior to a vertex J if there is a path p on
which every edge is either of the form v — 4, or v — ¢ with ¢ between v and
B, or a = f3; i.e. there are no edges v <> ¢ and there are no edges v + ¢
pointing towards . Such a path is said to be an anterior path from « to 5.

We apply these definitions disjunctively to sets:

an(X) = {a]aisan ancestor of § for some g € X};
ant(X) = {a|«is anterior to J for some 8 € X}.

Our usage of the terms ‘ancestor’ and ‘anterior’ differs from Lauritzen
(1996), but follows Frydenberg (1990a).

Proposition 2.1 In a mized graph G

(i) If X CY then ant(X) C ant(Y) and an(X) C an(Y);

(ii) X Cant{X) = ant{ant(X)) and X C an(X)

i
L 7

= an(an(X));

A

(iii) ant(X UY) = ant(X) Uant(Y) and an(XUY) =an(X)Uan(Y).

o



Proof: These properties follow directly from the definitions of an(:) and
ant(-). o

Proposition 2.2 If X and Y are disjoint sets of vertices in a mized graph
G then

(i) ant(ant(X)\Y) = ant(X);
(ii) an(an(X)\Y) = an(X).

Proof: (i) Since X and Y are disjoint, X C ant(X) \ Y. By Proposition

2.1(i), ant(X) C ant(ant(X) \ Y). Conversely, ant(X)\ Y C ant(X) so

ant(ant(X) \ Y) C ant(ant(X)) = ant(X), by Proposition 2.1(i) and (ii).
The proof of (ii) is very similar. O

A directed path from « to J together with an edge 5 — « is called a
(fully) directed cycle. An anterior path from « to 3 together with an edge
B8 — « is called a partially directed cycle. A directed acyclic graph (DAG)
is a mixed graph in which all edges are directed, and there are no directed
cycles.

3 Ancestral Graphs

The class of mixed graphs is much larger than required for our purposes, in
particular, under natural separation criteria, it includes independence models
that do not correspond to DAG models under marginalizing and conditioning.
We now introduce the subclass of ancestral graphs.

3.1 Definition of an ancestral graph

An ancestral graph G is a mixed graph in which the following conditions hold
for all vertices av in G:

(i) o ¢ ant(pa{a) Usp(a));

(ii) if ne(a) # 0 then pa(a) Usp(a) = 0.



In words, condition (i) requires that if o and J are joined by an edge with an
arrowhead at ¢, then « is not anterior to 3. Condition (ii) requires that there
be no arrowheads present at a vertex which is an endpoint of an undirected
edge. Condition (i) implies that if o and 8 are joined by an edge with an
arrowhead at «, then « is not an ancestor of 5. This is the motivation
for terming such graphs ‘ancestral’. (See also Corollary 3.10.) Examples of
ancestral and non-ancestral mixed graphs are shown in Figure 3.

Figure 3: (a) Mixed graphs that are not ancestral; (b) ancestral mixed graphs.

Lemma 3.1 In an ancestral graph for every vertezx o the sets ne(w), pa(«),
ch(a) and sp(a) are disjoint, thus there is at most one edge between any pair
of vertices.

Proof: ne(a), pa(e) and ch(a) are disjoint by condition (i). ne(a)Nsp(a) =
() by (ii) since at most one of these sets is non-empty. Finally (i) implies that
sp(er) N pale) C sp(a) Nant(e) = P, and likewise sp(a) Nch(a) = 0. O

Lemma 3.2 If G is an ancestral graph then the following hold:
(a) If & and 3 are adjacent in G and o € an(B3) then o — .

(b) The configurations o — 3 <+ 7y and &« — 3 <+ do not occur (regardless

i

of whether o« and vy are adjacent).
(¢) There are no directed cycles or partially directed cycles.

Proof: (a) follows because condition (i) rules out a < 3 or a « 3, while
(ii) rules out o — 3. (b) is simply a restatement of condition (ii). (c) follows
because (i} rules out fully directed cycles, while the configuration — v —
occurs in any partially directed cycle. 0
If there is at most one edge between two vertices in a graph then condi-
tions (a}, (b) and (c) in Lemma 3.2 are sufficient for G to be ancestral.

10



Corollary 3.3 In an ancestral graph an anterior path from « to 5 takes one
of three forms: ¢ — -+ — 3, a = -+ =5, or ¢ — -+ — — .-+ = [,

Proof: Follows from the definition of an anterior path and Lemma 3.2(b).0

Proposition 3.4 If G is an undirected graph, or a directed acyclic graph,
then G is an ancestral graph.

Proposition 3.5 If G is an ancestral graph and G' is a subgraph of G, then
G' is ancestral.

Proof: The definition of an ancestral graph only forbids certain configu-
rations of edges. If these do not occur in G then they do not occur in a
subgraph G'. O

3.2 Undirected Edges in an Ancestral Graph

Let ung = {a | pag(a) Uspg(e) = 0}, be the set of vertices at which no
arrowheads are present in G. Note that if neg(a) # @ then, by condition (ii)
in the definition of an ancestral graph, o € ung, so ung contains all endpoints
of undirected edges in G.

Proposition 3.6 If G is an ancestral graph, and G' is a subgraph with the
same vertez set, then ung C ung .

Proof: Since G’ has a subset of the edges in G, pag(a) Uspg(e) = 0 implies
pag (o) Uspg (o) = 0. O

Lemma 3.7 If G is an ancestral graph with verter set V

o+ a, 5 €V \ung
and o— 3 in G then a, 3 € ung
a— f3 56@"\ung
Proof: Follows directly from definition of ung and Lemma 3.2(b). a

Lemma 3.7 shows that any ancestral graph can be split into an undirected
graph G, and an ancestral graph containing no undirected edges Gv\uug;
any edge between a vertex o € ung and a vertex § € V' \ ung takes the form
« — 5. See Figure 4. This result is useful in developing parametrizations
for the resulting independence models (see Section 8).

11
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Figure 4: Schematic showing decomposition of an ancestral graph into an
undirected graph and a graph containing no undirected edges.

Lemma 3.8 For an ancestral graph G,
(i) if @ € ung then [ € antg(a) = a € antg(B);

(ii) if a and f are such that o # 8, « € antg(B3) and 8 € antg(w) then
a, B € ung, and there is a path joining o and B on which every edge is
undirected;

~(iil) antg(a) \ ang(a) € ung.

Proof: (i) follows from Lemma 3.2(b) and Corollary 3.3. (ii) follows since
by Lemma 3.2(c) there are no partially directed cycles and thus the anterior
paths between o and f consist only of undirected edges, so o, 5 € ung by
Lemma 3.7. (iii) follows because if a vertex  is anterior to «, but not
an ancestor of «, then by Corollary 3.3 any anterior path starts with an
undirected edge, and the result follows from Lemma 3.7. O

Lemma 3.9 If G is an ancestral graph, and o, 5 are adjacent vertices in G
then:

) a—p & acantg(f), B € antg(a);

(i) a—=f & acantg(f),l ¢ antg(a);

(i) a+f e adantg(d), s ¢ antg(a).

Proof: (i) (=) follows by the definition of anterior; (i) (<=)by Lemma 3.8 (ii)
and Lemma 3.2(b). Claim (ii)(=) follows by the definition of anterior and
property (i) of an ancestral graph; (ii)(<=) follows because from Lemma 3.8
(i), B ¢ ung, and so by Lemma 3.7 and property (i) of an ancestral graph,

a — [, (iii)(=) follows by property (i) of an ancestral graph. (iii)(<=)
follows by definition of anterior. O



A direct consequence of Lemma 3.9 is that an ancestral graph is uniquely
determined by its adjacencies (or ‘skeleton’) and anterior relations. More
formally:

Corollary 3.10 If Gy and Gy are two ancestral graphs with the same vertez
set V', and adjacencies, then if Vo, 8 € V, adjacent in Gy and G,

« € antg, (8) < « € antg, ()
then G = Gs.
Proof: Follows directly from Lemma 3.9. t

Note that this does not hold in general for non-ancestral graphs. See
Figure 5 for an example.

A A

® (i)

Figure 5: Two pairs of graphs that share the same adjacencies and anterior
relations between adjacent vertices, and yet are not equivalent.

3.3 Bi-Directed Edges in an Ancestral Graph

The following Lemma shows that the ancestor relation induces a partial or-
dering on the bi-directed edges in an ancestral graph.

Lemma 3.11 Let G be an ancestral graph. The relation < defined by:
a8 <y ifa,fean({y,6}) and {, 5} # {7, 6}

defines a strict (irreflezive) partial order on the bi-directed edges in G.

Proof: Transitivity of the relation < follows directly from transitivity of the

ancestor relation. Suppose for a contradiction that a3 < vy < a3,

but {a, 3} # {~,0}. Either o ¢ {~,6} or 5 & {~,6}. Without loss of

13



generality, suppose the former. Since o € an({~,d}) and 7,6 € an({a, 5}) it
then follows that either o« € an(j3), or there is a directed cycle containing «
and « or 6. In both cases condition (i) in the definition of an ancestral graph
is violated. a

Note that the relation given by
a&r <"y dif (a €an({v,6}) or g € an({ﬂy,é})) and {o, 8} # {v,0}

does not give an ordering on the bi-directed edges as shown by the ancestral
graph in Figure 6. This is significant since it means that in an ancestral
graph it is not possible in general to construct ordered blocks of vertices
such that all bi-directed edges are within blocks and all directed edges are
between vertices in different blocks and are directed in accordance with the
ordering,.

Figure 6: An ancestral graph which cannot be arranged in ordered blocks
with bi-directed edges within blocks and edges between blocks directed in
accordance with the ordering. (See text for further discussion.)

3.4 The Pathwise m-separation Criterion

We now extend Pearl’s d-separation criterion (see Pearl, 1988), defined orig-
inally for DAGs, to ancestral graphs.

A non-endpoint vertex ¢ on a path is a collider on the path if the edges
preceding and succeeding ¢ on the path have an arrowhead at {, i.e. — ( «,
(>, & ( +, = { <. A non-endpoint vertex  on a path which is not a
collider is a non-collider on the path. A path between vertices o and 5 in an
ancestral graph G is said to be m-connecting given a set Z (possibly empty),
with o, 5 ¢ Z, if

(i) every non-collider on the path is not in Z, and

(ii) every collider on the path is in antg(Z).

14



If there is no path m-connecting a and 5 given Z, then o and 8 are said to
be m-separated given Z. Sets X and Y are m-separated given Z, if for every
pair o, 3, with @ € X and 5 € Y, o and 3 are m-separated given Z (X,Y, Z
are disjoint sets; X, Y are non-empty). We denote the independence model
resulting from applying the m-separation criterion to G, by J,(G).

This is an extension of Pearl’s d-separation criterion to mixed graphs in
that in a DAG D, a path is d-connecting if and only if it is m-connecting. See
Figure 7(a) for an example. The formulation of this property leads directly
to:

Proposition 3.12 If G is an ancestral graph, and G' is a subgraph with the
same vertex set, then 3,(G) C 3,(G").

Proof: This holds because any path in G’ exists in G. O

Notice that it follows directly from Corollary 3.3, and Lemma 3.2 (b) that
if v is a collider on a path 7 in an ancestral graph G then v € antg(8) & v €
ang(8). Since the set of m-connecting paths will not change, strengthening
condition (ii) in the definition of m-separation to:

(ii)" every collider on the path is in ang(Z).

will not change the resulting independence model J,,(G). This formulation
is closer to the original definition of d-separation as originally defined for
directed acyclic graphs, since it does not use the anterior relation. The
only change is that the definitions of ‘collider’ and ‘non-collider’ have been
extended to allow for edges of the form — and <. (Also see the definition
of ‘h-separation’ introduced in Verma and Pearl (1990).)

3.4.1 Properties of m-connecting paths
We now prove two Lemmas giving properties of m-connecting paths that we

will exploit in Section 3.6.

Lemma 3.13 If  is a path m-connecting o and 3 given Z in an ancestral
graph G then every verter on m is in ant({e, 5} U Z).
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Figure 7: Example of global Markov properties. (a) An ancestral graph G,
thicker edges form a path m-connecting = and y given {z}; (b) the subgraph
Gant({s,y,2}); (c) the augmented graph (Gant({z,9,2}))% in which z and y are not
separated by {z}.

Proof: Suppose « is on 7 and is not anterior to « or 5. Then, on each of the
subpaths m(a,v) and 7 (v, 3), there is at least one edge with an arrowhead
pointing towards v along the subpath. Let ¢,, and ¢,5 be the vertices at
which such arrowheads occur that are closest to v on the respective subpaths.
There are now three cases:

If v # ¢,p then m(7, ¢,p) is an anterior path from v to ¢.,5. It further
follows from Lemma 3.2(b) and Corollary 3.3 that ¢,z is a collider
on 7, hence anterior to Z, since 7 is m-connecting given Z. Hence
~v € ant(Z).

If v # ¢4~ then by a symmetric argument to the previous case it follows
that ~ is anterior to ¢.,, and ¢,, is a collider on 7 and thus anterior
to Z. Thus in this case, v € ant(Z).

If ¢oy = B = 45 then 7 is a collider on 7, hence anterior to Z.

g

Lemma 3.14 Let G be an ancestral graph containing disjoint sets of vertices
XY, Z (Z may be emply). If there are vertices « € X and 5 € Y joined by a
path p on which no non-collider is in Z and every collider is in ant( X UY UZ)
then there exist vertices o € X, 5" € Y such that o and 5* are m-connected
given Z in §.
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() 4 (b

Figure 8: Illustration of Lemma 3.14: (a) a path on which every vertex is an
ancestor of a or 3; (b) a path m-connecting « and 3 given 0.

Proof: Let p* be a path which contains the minimum number of colliders
of any path between some vertex * € X and some vertex 5* € Y on which no
non-collider is in Z and every collider is in ant(X UY U Z). p* is guaranteed
to exist since the path p described in the Lemma has this form. In order
to show that p* m-connects o* and 8* given Z it is sufficient to show that
every collider on p* is in ant(Z2).

Suppose for a contradiction that there is a collider v on p* and v ¢
ant(Z). By construction v € ant(X UY U Z), so either v € ant(X) \ ant(Z2)
or v € ant(Y) \ ant(Z). Suppose the former, then there is a directed path
7 from v to some vertex o € X. Let J be the vertex closest to §* on
p* which is also on 7. By construction the paths p*(8, 8*) and = (4,¢’) do
not intersect except at . Hence concatenating these subpaths forms a path
which satisfies the conditions on p* but has fewer colliders than p*, which
is a contradiction. The case where v € ant(Y') \ ant(Z) is symmetric. 0

Corollary 3.15 In an ancestral graph G, there is a path p between « and
B on which no non-collider is in a set Z (o, 8 & Z) and every collider is in
ant({c, 8} U Z) if and only if there is a path m-connecting a and (3 given Z
ing.

Proof: One direction is immediate and the other is a special case of Lemma
3.14 with X = {a}, Y = {5}. O

This Corollary shows that condition (ii) in the definition of m-separation
can be weakened to:
(i) every collider on the path is in ant({a, 5} U Z).

without changing the resulting independence model (for ancestral graphs).
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3.4.2 Formulation via sequences

Koster (2000) shows that if the separation criterion is applied to sequences of
edges (which may include repetitions of the same edge) as opposed to paths,
then some simplification is possible. Under this formulation vertices o and
B in a mixed graph G are said to be m-connecting given a set Z if there is a
sequence 5 for which

(i)* every non-collider on s is not in Z, and
(i1)* every collider on s is in Z.

The definitions of collider and non-collider remain unchanged, but are applied
to edges occurring in sequences, so o — § 4 « forms a collider. Koster
(2000) proves that this criterion is identical to the m-separation criterion
defined here for paths: the proof is based on the fact that there is a directed
path from a collider v to a vertex ¢ € Z if and only if there is a sequence of
the form vy — -+ — (- 7.

We do not make use of this criterion in this paper, as paths, rather than
sequences, are fundamental to our main construction (see Section 4.2.3).

3.5 The Augmentation m*-separation Criterion

The global Markov property for DAGs may be formulated via separation
in an undirected graph, obtained from the original DAG by first forming a
subgraph and then adding undirected edges between non-adjacent vertices
that share a common child, a process known as ‘moralizing’. (See Lauritzen
(1996), p.47 for details.) In this subsection we formulate the global Markov
property for ancestral mixed graphs in this way. In the next subsection the
resulting independence model is shown to be equivalent to that obtained via
m-separation. It is useful to have two formulations of the Markov property
because some proofs are simpler using one while other proofs are simpler
using the other.

3.5.1 The augmented graph (G)°

Two vertices o and /5 in an ancestral graph G are said to be collider connected
if there is a path from « to 7 in G on which every vertex except the endpoints
is a collider, such a path is called a collider path. (Koster (1999b) refers to
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such a path as a ‘pure collision path’.) Note that if there is a single edge
between « and 3 in the graph then v and J are (vacuously) collider connected.

The augmented graph, denoted (G)*, derived from the mixed graph G is
an undirected graph with the same vertex set as ¢ such that

v —6 in (G)* < v and § are collider connected in G.

3.5.2 Definition of m*-separation

Sets X,Y and Z are said to be m*-separated if X and Y are separated by Z
in (Gang(xuvuz))® (X,Y, Z are disjoint sets; X, Y are non-empty). Otherwise
X and Y are said to be m*-connected given Z. The resulting independence
model is denoted by J,,-(G). See Figure 7(b),(c) for an example.

When applied to DAGs, or UGs, the augmentation criterion presented
here is equivalent to the Lauritzen-Wermuth-Frydenberg moralization crite-
rion. (See Section 9.4 for discussion of chain graphs.)

3.5.3 Minimal m*-connecting paths

If there is an edge v —§ in (G)%, but there is no edge between v and ¢ in G,
then the edge is said to be augmented. A path connecting z and y given Z
is said to be minimal if there is no other such path which connects z and y
given Z but has fewer edges than p.

We now prove a property of minimal paths that is used in the next section:

Lemma 3.16 Let G be an ancestral graph. If p is a minimal path connect-
ing o and B given Z in (G)*, then a collider path in G associated with an
augmented edge v — § on p has no verter in common with ., or any collider
path associated with another augmented edge on w, except possibly v or 6.

Proof: Suppose that v — 9 and ¢ — ¢ are two augmented edges, occurring
in that order on p, and that the associated collider paths have in common a
vertex which is not an endpoint of these paths. Then v and ¢ are adjacent
in (G)®. Thus a shorter path may be constructed by concatenating p(«, ),
v —¢ and p(o, 5), which is a contradiction. Likewise suppose that  is a
vertex on a collider path between ~ and 4 which also occurs on p. x either
occurs before or after v on the path. Suppose the former, then since x — 4§
in (G)*, a shorter path may be formed by concatenating (o, k), k — & and
p(d, 7). The case where x occurs after ¢ is similar. 0
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3.6 Equivalence of m-separation and m*-separation

Lemma 3.17 In an ancestral graph G suppose that p 1s a path which m-
connects « and 3 given Z. The sequence of non-colliders on g forms a path
connecting o and 3 in (Gans({a,5302))°"-

Proof: By Lemma 3.13 all the vertices on p are in Guy({a,s3uz). Suppose that
w; and w1 (1<i<k—1) are the successive non-colliders on p. The subpath
p(w;, wiy1) consists entirely of colliders, hence w; and w;1, are adjacent in
(Gant({a,pyuz))®- Similarly w; and wy are adjacent to o and j respectively in
(gant({a,ﬂ}UZ))a~ ]

Theorem 3.18 For an ancestral graph G, T+ (G) = T,(G).

We break the proof into two pieces:

Proof: J,-(G) C 3,,(G)

We proceed by showing that if (X,Y | Z) ¢ J3,,(G) then (X, Y | Z) ¢ 3,,-(G).
If (XY | Z) ¢ 3,(G) then there are vertices & € X, 8 € Y such that there
is an m-connecting path p between o and 3 given Z in G. By Lemma 3.17
the non-colliders on g form a path p* connecting a and £ in (Gane(xuvuz))®
Since g is m-connecting, no non-collider on g is in Z hence no vertex on p*
isin Z. Thus (X,Y | Z) ¢ J,-(G). O

Proof: J,(G) C 3,,-(9)

We show that if (XY | Z) ¢ 3,-(G) then (X,Y | Z) ¢ 3,(G). If (X,Y |
Z) ¢ 3+ (G) then there are vertices & € X, § € Y such that there is a mini-
mal path 7 connecting o and 3 in (Gane(xuvuz))® on which no vertex is in Z.
Our strategy is to replace each augmented edge on 7 with a corresponding
collider path in G.n(xuyuz) and replace the other edges on 7 with the corre-
sponding edge in G. It follows from Lemma 3.16 that the resulting sequence
of edges forms a path from « to 5 in G, which we denote v. Further, any
non-collider on v is a vertex on 7 and hence not in Z. Finally, since all ver-
tices in v are in Gany(xuyuz) it follows that every collider is in ant(X UY U Z).
Thus by Lemma 3.14 there are vertices o* € X and 3* € ¥ such that o™ and
3* are m-connected given Z in G. Thus (XY | Z) € 7,.(G). O



3.7 Maximal Ancestral Graphs

Independence models described by DAGs and undirected graphs satisfy pair-
wise Markov properties with respect to these graphs, hence every missing
edge corresponds to a conditional independence (see Lauritzen (1996), p.32).
This is not true in general for an arbitrary ancestral graph, as shown by the
graph in Figure 9 (a).

R
(a) (b)

Figure 9: (a) The simplest example of a non-maximal ancestral graph: ~
and § are not adjacent, but are m-connected given every subset of {«, 8},
hence J,,(G) = @; (b) an extension of the graph in (a) with the same (trivial)

independence model.

This motivates the following definition: an ancestral graph G is said to be
mazimal if for every pair of vertices «, 5 if & and 3 are not adjacent in G then
there is a set Z («, 8 ¢ Z), such that ({a}, {8} | Z) € 3,(G). Thus a graph
is maximal if every missing edge corresponds to at least one independence in
the corresponding independence model.

Proposition 3.19 If G is an undirected graph, or a directed acyclic graph
then G is mazimal.

Proof: Follows directly from the existence of pairwise Markov properties for
DAGs and undirected graphs. a

The use of the term ‘maximal’ is motivated by the following:

Proposition 3.20 If G = (V, E) is a mazimal ancestral graph, and G is a
subgraph of G* = (V, E*), then 3,(G) = 3,.(G*) implies G = G*.

Proof: If some pair «, 7 are adjacent in G* but not G, then in G*, & and

7

are m-connected by any subset of V' \ {a, 8}. Hence J,,(G) # J3,(G*). O

Hence maximal ancestral graphs are maximal in the sense that no addi-
tional edge may be added to the graph without changing the independence
model. The following Theorem gives the converse.
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Theorem 5.1 If G is an ancestral graph then there exists a unique mazimal
ancestral graph G formed by adding < edges to G such that 3,(G) = J,.(G).

We postpone the proof of this Theorem until Section 5.1, since it fol-
lows directly from another result. In Corollary 5.3 we show that a maximal
ancestral graph satisfies the following:

Pairwise Markov property

If there is no edge between o and 5 in G then

(o}, 18} | ant({a A1)\ {0, 8} ) € In(9).

3.8 Complete Ancestral Graphs

An ancestral graph is complete if there is an edge between every pair of
distinct vertices. A graph is said to be transitive if « — [ — ~ implies
« — . Andersson et al. (1995, 1997), and Andersson and Perlman (1998)
study properties of independence models based on transitive DAGs.

Lemma 3.21 If G is a complete ancestral graph then
(i) G is transitive;
(ii) the induced subgraph Gun, is a complete undirected graph;
(iii) if « € V' \ ung then antg(a) = pag(e) U{a};
(iv) if @ € ung then antg(a) = ung.

Proof: If « — 5 — v in G then o — +y since if &« — 7, a + v, or & > v then
G would not be ancestral, establishing (i). If o, 8 € ung then by Lemma 3.7,
a — (3, which establishes (ii). Suppose a € V' \ ung, § € antg(«o). If 3 € ung
then 8 — «, by Lemma 3.7; if 5 € V' \ ung then 8 € ang(a) and so 8 — «
by (i). Hence (iii} holds. (iv) follows directly from (ii). O
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4 Marginalizing and Conditioning

In this section we first introduce marginalizing and conditioning for an inde-
pendence model. We then define a graphical transformation of an ancestral
graph. We show that the independence model corresponding to the trans-
formed graph is the independence model obtained by marginalizing and con-
ditioning the independence model of the original graph. In the remaining
subsections we derive several useful consequences.

4.1 Marginalizing and Conditioning Independence
Models (7[)

An independence model J with vertex set V' after marginalizing out a subset
L, is simply the subset of triples which do not involve any vertices in L. More
formally we define:

3, = {{X,Y}Z) t (X,Y | Z) € 3; (XuYuZ)msz}.

If 3 contains the independence relations present in a distribution P, then
J[, contains the subset of independence relations remaining after marginal-
izing out the ‘Latent’ variables in L; see Theorem 7.1. (Note the distinct
uses of the vertical bar in (-,- | -) and {- | -}.)

An independence model J with vertex set V' after conditioning on a subset
S is the set of triples defined as follows:

i = {<X,Y}Z>I<X,Y12us>ej; (XuYuZ)msz@}.

Thus if J contains the independence relations present in a distribution P then
J[° constitutes the subset of independencies holding among the remaining
variables after conditioning on S; see Theorem 7.1. (Note that the set S
is suppressed in the conditioning set in the independence relations in the
resulting independence model.) The letter S is used because Selection effects
represent one context in which conditioning may occur.

Combining these definitions we obtain:

i = {{X,ygzg;%‘{‘X;}’§Za35‘;5:?; (XL;YUZ}Q(SL;L}:@}.

Proposition 4.1 For an independence model 3 over V' containing disjoint
subsets Sy, 55, Ly, Lo,
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4.1.1 Example

Consider the following independence model:

5 = {2}, (0w} | 1), (a2}, 10} 10), ({0} {a} 1 0), (o, b, {2} 1)},

In fact, 3* C J,,(D), where D is the DAG in Figure 10(i). In this case:
7, = {tash (0} 1), (Do, uh (e} 10}, 717 = {(a,a} o0} 1 0) ).

4.2 Marginalizing and Conditioning for Ancestral Graphs

Given an ancestral graph G with vertex set V/, for arbitrary disjoint sets S,
L (both possibly empty) we now define a transformation:

GGl
The main result of this section will be:

Theorem 4.18 If G is an ancestral graph over V., and SUL C V, then

(where AUB denotes the disjoint union of A and B).

In words, the independence model corresponding to the transformed graph
is the independence model obtained by marginalizing and conditioning the
independence model of the original graph.

Though we define this transformation for any ancestral graph G, our pri-
mary motivation is the case in which G is a DAG, representing some data
generating process that is partially observed (corresponding to marginaliza-
tion) and where selection effects may be present (corresponding to condition-
ing). See Cox and Wermuth (1996 for further discussion of data-generating
processes, marginalizing and conditioning.



4.2.1 Definition of Q[i

Graph G[; has vertex set V' \ (SUL), and edges specified as follows:
If o, 3, are s.t. V2, with Z C V' \ (SULU{«, 8}),

{a}, {8}Z U S) & Tn(9),

a € antg({8} U S); B € antg({a} U S) a—_

o ¢ antg({8US); B € antg({a} U S) a8 | .
and e antg ({3 US): 4 ¢ ante({a}us) [ M) amp (M9l

a ¢ antg({F} U S); 8 ¢ antg({a} U S) o

In words, G [i is a graph containing the vertices that are not in S or L. Two
vertices «, ( are adjacent in G [i if & and 3 are m-connected in G given any
subset that contains all vertices in S and no vertices in L. If o and [ are
adjacent in g[j then there is an arrowhead at « if and only if « is not anterior
to either 8 or S in G, and a tail otherwise.

Note that if G is not maximal then G[} # G. (See Corollary 5.2.) We will
show in Corollary 4.19 that G[} is always maximal.

4.2.2 Examples

Consider the DAG, D, shown in Figure 10(i). The independence model
J.(D) D J*, given in Section 4.1.1. Suppose that we set L = {t}, S = 0.

a b a b a b
/AN T N S S
(1) (ii) (i)

Figure 10: (i) A simple DAG model, D; (ii) the graph D[’ ,; (iii) the graph

L{e}?

D[, See text for further explanation.

First consider the adjacencies that will be present in the transformed graph
Df; It follows directly from the definition that vertices that are adjacent

Do
It



in the original graph will also be adjacent in the transformed graph, if they
are present in the new graph, since adjacent vertices are m-connected given
any subset of the remaining vertices. Hence the pairs (a,z) and (b,y) will
be adjacent in D{?i}. In addition, z and y will be adjacent since any set
m-separating z and y in D contains ¢, hence there is no set Z C {a, b} such
that ({z},{y} | Z) € In(D). Since {({a},{b,y} [ 0), ({b},{a,z} | 0) € Tn(D)
there are no other adjacencies. It remains to determine the type of these
three edges in ’D[i}. Since z ¢ antp(y), and y ¢ antp(zx), the edge between
z and y is of the form z < y. Similarly the other edges are ¢« — x and
b — y. Thus the graph D[, is as shown in Figure 10(ii). Observe that

{t}
I8, € In(D[,,)-

Now suppose that L = @, S = {t}. Since {{a,z}, {b,y} | {t}) € Tn(D),
it follows that (a,z) and (b, y) are the only pairs of adjacent vertices present
in the transformed graph D[;t}, hence this graph takes the form shown in
Figure 10(iii). Note that 3*[{” C J,.(D[!").

Another example of this transformation is given in Figure 11, with a more

complex DAG D'. Note the edge between a and c that is present in D[ .
{l1:i2}
fll ) h Iy
N/ \ / N/ \
C C
a s \ d a \ d
@ (i)

(iii) (iv)

Figure 11: (i) Another DAG, D'; (ii) the graph D'[\"; (iii) the graph D’{i} N
(iv) the graph D'[**

Higuda}o
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4.2.3 Adjacencies in G[] and inducing paths

A path 7 between « and 5 on which every collider is an ancestor of {«, 3}US
and every non-collider is in L, is called an inducing path with respect to S and
L. This is a generalization of the definition introduced by Verma and Pearl
(1990). An inducing path with respect to S = 0, L = ( is called primitive.
Note that if o, 8 € V\ (SU L), and «, 8 are adjacent in G then the edge
joining « and 3 is (trivially) an inducing path w.r.t. S and L in G.

In Figure 10(i) the path z « t — y forms an inducing path w.r.t. S =0,
L = {t}; in Figure 11(i) the path a — l; — b + Iz — ¢ forms an inducing
path wr.t. S = {s}, L = {li,lo}; in Figure 9(a), v <> 8 + « « ¢ forms
a primitive inducing path between v and §. (Other inducing paths are also
present in these graphs.)

Theorem 4.2 If G is an ancestral graph, with verter set V = OUSUL, and
o, 8 € O then the following siz conditions are equivalent:

(i) There is an edge between o and 8 in G[;.
(ii) There is an inducing path between « and 3 w.r.t. S and L in G.

(iii) There is a path between o and B in (Gany{a,sus))® on which every
vertez, except the endpoints, is in L.

(iv) The vertices in ant({e, B} US) that are not in LU{«x, B} do not m-
separate « and B in G:

({a3, {8} ant({a, BYUS)\ (LU{a B})) & F(G).
(v) v2,2 SV \ (SuLu{e, ), ({0}, {8} 2 U S) & 3n(9).

(vi) ¥Z, 2 CV\ (SuLU{a, 8}), (1o} {8} 2) ¢ 3n(@)[;.
Proof: Let Z* = ant({a, 5} U S) \ (L U{«, 5}). By Proposition 2.2(i)
ant({0, 5} UZ%) = ant({o, 8} U (ant({a, B} US) \ (LU {ar, B})))
= ant{ ant({e, 5} US)\ L)
= ant({a, 5} US). ()

In addition, let 7% = ant({a, 5} U S} N (L U {«, 8}). so
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(iii)«>(iv) Since, by Theorem 3.18, J,-(G) = 3,,(G), (iv) holds if and only if there
is a path g in (Gane(fa,s302-))* on which no vertex is in Z*, and hence by
(1) every vertex is in T*. Further, by (1), Gant({a,5}uz*) = Gant({a,5}US)
hence by the definition of 7%, p satisfies the conditions given in (iii).

(il)=>(iv) If there is an inducing path 7 in G w.r.t. S and L, then no non-collider
on 7 is in Z*, since Z* N L = {), and any collider on 7 is in an({e, S} U
Sy C ant({e, B} U S) = ant({a, 5} U Z*) by (f). Hence by Corollary
3.15 there is a path 7* which m-connects o and S given Z* in G as
required.

(iv)=(ii) Let v be a path which m-connects o and § given Z*. By Lemma 3.13
and (1), every vertex on v is in ant({e, 8} US), hence by Lemma 3.2(b)
and Corollary 3.3, every collider is in an({«, 8}US). Every non-collider
is in ant({a, 8} U S)\ Z* € L U {a, B8}, so every non-collider is in L.
Hence v is an inducing path w.r.t. S and L in G.

(iii)=>(v) Every edge present in (Gans({a,s3us))® is also present in (Gant(fa,8302uUs))"-
The implication then follows since every non-endpoint vertex on the
path is in L.

(v)=(iv) This follows trivially taking Z = Z*\ S.
(v)&(i) Definition of G[:.
(v)&(vi) Definition of J,(G)[. O

An important consequence of condition (iv) in this Theorem is that a
single test of m-separation in G is sufficient to determine whether or not a
given adjacency is present in G [i it is not necessary to test every subset of
VA (SUL U {e, 5}). Likewise properties (i) and (iii) provide conditions that
can be tested in polynomial time.

4.2.4 Primitive inducing paths and maximality

Corollary 4.3 If G is an ancestral graph, then there is no set Z, (o, 5 & 7},

such that ({a},{B} | Z) € 3,,(G) if and only if there is a primitive inducing

H

path between o and 3 in G.

Proof: The result follows from (ii) < (v) in Theorem 4.2 with S = 0, L = ().

1
d
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Corollary 4.4 Every non-mazimal ancestral graph contains a primitive in-
ducing path between a pair of non-adjacent vertices.

Proof: Immediate by the definition of maximality and Corollary 4.3. O

Primitive inducing paths with more than one edge take a very special
form, as described in the next Lemma, and illustrated by the inducing path
v > B > a ¢ 6 in Figure 9(a).

Lemma 4.5 Let G be an ancestral graph. If 7 is a primitive inducing path
between o« and 3 in G, and 7 contains more than one edge, then:

(i) every non-endpoint vertex on m is a collider and in antg({c, 3});

(ii) « ¢ antg(B) and 8 ¢ antg(a);

(iii) every edge on 7 is bi-directed.

Proof: (i) is a direct consequence of the definition of a primitive inducing
path. Consider the vertex v which is adjacent to c on 7. By (i), v is a collider
on 7, 80 ¥ € spg(a) U chg(ar), so v ¢ antg(a) as G is ancestral. Hence by (i)
v € antg(B). If B € antg(a) then v € antg(a), but this is a contradiction.
Thus § ¢ antg(«). By a similar argument « ¢ antg(3), establishing (ii). (iii)
follows directly from (i) and (ii), since G is ancestral. O

Lemma 4.5 (ii) has the following consequence:

Corollary 4.6 In a mazimal ancestral graph G, if there is a primitive in-
ducing path between « and [ containing more than one edge, then there is
an edge o < B in §.

Proof: Since G is maximal, by Corollary 4.3, o and 3 are adjacent in G. By
Lemma 4.5(ii), « ¢ antg(3) and § ¢ antg(«), hence by Lemma 3.9, it follows
that o «» Fin G. O

Note that if G is a maximal ancestral graph and G’ is a subgraph formed
by removing an undirected or directed edge from G then G’ is also maximal.



4.2.5 Anterior relations in G}

. . . . s
The next Lemma characterizes the vertices anterior to « in G[;.

Lemma 4.7 For an ancestral graph G with vertex set V = OUSUL, ifa € O
then

antg(a) \ (antg(S) U L) C antgs(a) C antg({a} U S)\ (S U L).

In words, if o, 8 are in G [Z and « is anterior to S but not S in G, then «
is also anterior to 3 in G[}. Conversely, if « is anterior to 8 in G[} then « is
anterior to either 8 or S in G.

Proof: Let p be an anterior path from a vertex § € antg(c) \ (L U antg(S))
to o in G. Note that no vertex on g is in S. Consider the subsequence
(B=wm, .. Wi,...,w =) of vertices on p that are in V'\ (SU L). Now
the subpath p(w;y;,w;) is an anterior path on which every vertex except
the endpoints is in L. Hence w; and w;y; are adjacent in G[J. Further
since wiy1 € antg(w;) it follows that either w;.; —w; or w41 — w;, hence
B=wy, € ant g3 (@), as required.

To prove the second assertion, let v = (¢,,...,¢1 = @) be an anterior
path from a vertex ¢, € ant gs () to « in G[5. For 1 < i < n, either
Gis1 — & or ¢iy1 — ¢; on v. By definition of G[°, in either case ¢;y, €
antg({¢;} U S)\ (SUL). Thus ¢, € antg({a} US)\ (SUL). O

Taking S = @ in Lemma 4.7 we obtain the following:

Corollary 4.8 In an ancestral graph G = (V, E) if « € V\ L then antg(a) \

4.2.6 The undirected subgraph of G}
Lemma 4.9 If G is an ancestral graph with vertez set V = OUSUL, then

(ung U antg(3}> \V(SUL) C un gs.

In words, any vertex in the undirected subgraph of G which is also present
in G[7 will also be in the undirected subgraph of G[ . Likewise any vertex
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anterior to S in G will be in the undirected component of G[; if present in
this graph.

Proof: Suppose for a contradiction that « € (ung U antg(S)) \ (S U L), but
a ¢ un g Hence there is a vertex S such that either 3 < aor § — « in
G[°. In both cases o ¢ antg({8} U S). Thus o ¢ antg(S). Since o and 3
are adjacent in G[] by Theorem 4.2(ii) there is an inducing path 7 between
a and 3 w.r.t. S and L, hence every vertex on 7 is in antg({o, 5} U S). If
there are no colliders on 7 then since o € ung, 7 is an anterior path from «
to 5 so a € antg(f), which is a contradiction. If there is a collider on 7 then
let v be the collider on 7 closest to a. Now (e, y) is an anterior path from
o to v s0 a € antg(v) but v ¢ ung, hence by Lemma 3.8(ii), v ¢ antg(c).
Thus v € antg ({5} U S), and thus « € antg({3} U S), again a contradiction.

]

Corollary 4.10 If G is an ancestral graph with V = OUSUL and o € O
then
antg(a) \ (SUL) C ungs Uant gs(a).

8
L
Thus the vertices anterior to o € G that are also in G[; either remain
anterior to a € G[5, or are in ungs (or both).
Proof:
(antg(a)) \ (SUL) C (amg(a) \ (antg(S) U L)) U(antg(S) \ (SU L))
(x) C ant gs (o) U ungs

The step marked (*) follows from Lemmas 4.7 and 4.9. O

Lemma 4.11 In an ancestral graph G, if o € antgig(,ﬁ) and o ¢ ungs then
a € ang(f), and « ¢ antg(S).

Proof: If o ¢ ungs, but a € V \ (S U L) then by Lemma 4.9, o ¢
ung U antg(S). Since « € ant grs ( 3) it follows from Lemma 4.7 that « €
antg({5} U S). So a € antg(S). Further, since o ¢ ung, by Lemma 3.8(iii},
a € ang(f). O

- . s . - N P .
Consequently, if in G|, o is anterior to J and there is an arrowhead at o
then « is an ancestor of 7 in G.
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4.2.7 G[’ is an ancestral graph

Theorem 4.12 If G is an arbitrary ancestral graph, with verter set V =
OUSUL, then G is an ancestral graph.

Proof: Clearly G0 is a mixed graph. Suppose for a contradiction that
o € antgs (pag[i (&)Uspg[i(&)). Suppose & € antgs (8) with 5 € pags(a)U
spggs (). Then by Lemma 4.7, a € antg({5}US). However if § € pags (a)U
spgs (@) then o ¢ antg(8 U S) by definition of G[}, which is a contradiction.
Hence G[} satisfies condition (i) for an ancestral graph.

Now suppose that negs(a) # . Let 8 € ne g5 (@). Then by the definition
of G[}, o € antg({8} U S) and 3 € antg({a} US). Thus either o € antg(S)
or, by Lemma 3.8(ii), @ € ung. It follows by Lemma 4.9 that o € ungs,
hence pags (a)Usp Q{i(&> = {). So G[® satisfies condition (ii) for an ancestral

graph. O

We will show in Section 4.2.10 that G[° is a maximal ancestral graph.

4.2.8 Introduction of undirected and bi-directed edges

As stated earlier, we are particularly interested in considering the transfor-
mation G ~ G[> in the case where G is a DAG, and hence contains no
bi-directed or undirected edges. The following results show that the intro-
duction of undirected edges is naturally associated with conditioning, while
bi-directed are associated with marginalizing.

Proposition 4.13 If G is an ancestral graph which contains no undirected
edges, then neither does G .

Proof: If o — 3 in G[} then, by construction, a € antg(/3), 5 € antg(a).
Hence by Lemma 3.8(ii) there is a path composed of undirected edges which
joins o and 3 in G, which is a contradiction. O

In particular, if we begin with a DAG, then undirected edges will only be

present in the transformed graph if S # 0; likewise it follows from the next
Proposition that bi-directed edges will only be present if L s 0.
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Proposition 4.14 if G is an ancestral graph which contains no bi-directed
edges then neither does g{g

Proof: If & <+ 8 in G[; then a ¢ antg({8}US) and § ¢ antg({a}US). Since
there are no bi-directed edges in G it follows that « and 5 are not adjacent
in G. Since L = (, it further follows that any inducing path has the form
a — o < 3, where o € antg(S), contradicting «, § ¢ antg(S). o
4.2.9 The independence model J,,(G[} )

The following Lemmas and Corollary are required to prove Theorem 4.18.

Lemma 4.15 IfG is an ancestral graph with V = OUSUL, and B € pags (a)U
spg[i(a) then « is not anterior to any vertex on an inducing path (w.r.t. S
and L) between «« and B in G.

Proof: If 5 € pags(a)Uspgs(a), then o ¢ un gis- It then follows by Lemma
4.9 that o ¢ ung, and by construction of G[} that o ¢ antg({S}US). A
vertex v on an inducing path between « and f is in antg({a, 5} U S). If
a € antg(y) then by Lemma 3.8(ii) v ¢ antg(w), since a@ ¢ ung. Thus
v € antg ({8} U S) but then « € antg({S} U S), which is a contradiction. O

Corollary 4.16 If o« < B8 or a + S in G[} and {a,é1,..., ¢, B) is an
inducing path (w.r.t. S and L) in G then ¢; € pag(a) Uspg(a).

Proof: By Lemma 4.15 a ¢ antg(¢), hence ¢; € pag(a) Uspg(a). a
The next Lemma forms the core of the proof of Theorem 4.18.

Lemma 4.17 If G is an ancestral graph with V = OUSUL, ZU{«a, 8} C O
then the following are equivalent:

&
. . o S
(i) There is an edge between « and 3 in ((Q[L}mg:%{{aﬁ}w}) :
Feas, . . @ .
(ii) There is a path between o and 3 in (gantg{{&,ﬁ}uzus}> on which every
vertex, except the endpoints, is in L.
(iii} There is a path which m-connects o and 5 in G given

antg({a, 6} U ZUS)\ (LU {a, B}).



/
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Figure 12:  Example of Lemma 4.17: (i) an ancestral graph G; (ii)
the augmented graph (Gan,({a,s)uzus))% (iii) the graph G[}; (iv) the aug-
mented graph ((g[i)antg[i({a,ﬁ}uz))QQ (where Z = {(}, S = {s} and L =
{ly,12,13,14,l5}). See text for further explanation.

Figure 12 gives an example of this Lemma, continued below, to illustrate
the constructions used in two of the following proofs.

Proof:

(i)=>(ii) By (i) there is a path 7 between o and 3 in G| on which every non-
endpoint vertex is a collider and an ancestor of Z U {a, 8} in G[5. Let
the vertices on 7 be denoted by {(wy,...,wp1), (@ =wy, B = wna1).
By Lemma 4.7 w; € antg({e, 8} U Z U S). By Theorem 4.2 there
is a path v; between w; and w1 in Gane({u, wiy,jus) o0 which every
non-collider is in L. The path v; exists in Guu({a sjuzus) as it is a
supergraph of Gune((w, w..;jus)- Let s be the sequence of vertices formed
by concatenating the sequences of vertices on each of the paths v,.
(The same vertex may occur more than once in s.) Let (i1, ..., 1,)
be the subsequence of vertices in s each of which is a non-collider on
some path v;, and let ¢y = o, ¢y = 3. Since ¢1,..., ¢, € L, it is
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sufficient to show that for 0 <j <r+1, if ¢¥; # 10;.1 then ¢; — ;4 in
(Gant({a,pyuzus))®. Suppose 1 # 111, there are now two cases:

(a) ©; and 41 both occur on the same path v,. In this case 1; and
V41 are connected in (Gane({a,syuzus))® by the augmented edge
corresponding to the collider path v; (v, ¥41).

(b) ¢; and ¢4y occur on different paths, v;; and vy, . Consider the
subsequence s(v;,¢;11), denoted by (dg, d1,. .., ¢q, Pgr1), With
o =1j, Pg+1=1;41. For 1 <k <q any vertex ¢y is either on v; or is
an endpoint w; of v; with 4; < ¢ <'4;;;. In the former case since v;
and 1;,; are consecutive non-colliders in s, ¢ is a collider on v;.
In the latter case by Corollary 4.16, ¢x_1, dx+1 € pag(w;) Uspg(wi)
since w; is a collider on 7r. Thus for 1 < k < ¢q, ¢y <> P11, more-
over ¢; —r ¢y or ¥; <> ¢y, and @ + Y1 Or @y <> ;1. Hence
t; and ;4 are collider connected in Gay({a,s)uzus), and conse-
quently adjacent in (Gane({a,sj0zus))™- O

Applying the construction in the previous proof to the example in Figure
12, we have w = (¢, (, f) = {(wp, w1, ws) in G[i, hence n=1. Further, vy =
<Of, v, ll; ZQ, 147 C> and VvV, = <<, l4, lz, lh l3, l5, /3>, hence 5 = <Q‘, Y, ll, lz? 14, C, 14, lg,
l17 13, 15, ,6) NOW') <’l,"')g, N ,1//‘9> = <Cl{, ll, lg, 24, l4, ZQ, ll, lg, l5,/5)>, S0 r = 8, FOI'
Jj#3, case (a) applies since ¢; and ;41 occur on the same path v;; for j=3,
Y5 = Vi1

(ii)e(iii) This follows from Proposition 2.2 together with the definition and
equivalence of m-separation and m*-separation (Theorem 3.18).

(ili)=-(i) Let Z* = antg({e, B} UZUS)\ (LU{a, 8}), and let 7 be a path which
m-connects o and 3 given Z* in G. By Lemma 3.13 every non-collider
on 7 is in antg({e, B} U Z*) = antg({e, 5} U Z U S) by Propositions
2.1(iii) and 2.2(i). Every non-collider on 7 is in L and every collider is
an ancestor of Z*. Let (¢1,...,v¢,) denote the sequence of colliders on
7 that are not in antg(S), and let Y= and ¢y, =5. For 1 <i <¢
let ¢; be the first vertex in O on a shortest directed path from v¢; to a
vertex (; € Z* \ antg(S) C antg(Z U {«, 5}) \ (antg(S) U L), denoted
v;. Again let ¢y =, ¢;.1 = 3. Denote the sequence {¢g,..., ;1) by
t. Finally, let s be a subsequence of t constructed as follows:

i(0) = 0, s0 dygy =



i(k + 1) is the greatest j > i(k) with {¢i, ..., 0;} € antg({di), ¢51)-

Note that if i(k) < ¢ then i(k + 1) is guaranteed to exist since

{Giry, Piry1} € antg({iwy, Pary+1})-

In addition, the vertices in s are distinct. Let s be such that i(s + 1) =
{4+ 1, SO ¢i(s+1) = /3

We now show that there is a path connecting ¢y and @41y in
(gmg({@(k)m _H)}US))Q on which every vertex except the endpoints is in
L: ¢i) and 9;) are connected by the path corresponding to vy, in
(Qantg({@(k)@i(k“)}ug})“, and likewise ¢;(;11y and 411y are connected by
the path corresponding to v;(41). In addition, excepting the endpoints
Giky and @y(x41), every vertex on vy and Y41y is in L. By construc-
tion, every collider on 7 (i), Yigrs1)) is either in antg({@iw), dig+1)})
or antg(S). Further, every non-collider v on 7 (v, Yig11)) is ei-
ther anterior to ¢; (i(k) < j < i(k + 1)) or is anterior to a col-
lider that is in antg(S). Thus every vertex on 7 (), Yiks1)) i in
antg ({dik), Pice+1) }US), so this path exists in Gantg {6100y Bigsny JUS)+ Lhe
sequence of non-colliders on 7 (), ¥ik+1)), all of which are in L, con-
nect Yiky and Yikr1) 0 (Gantg({ésiiry}us)) - 1t now follows from
Theorem 4.2 (iii)<>(i) that @) and @1y are adjacent in G},

Next we show that ¢y — &1y or ¢y < @1y, Gi(s) + Gi(s41) OF
Qﬁz(s} > qﬁz‘(&H} and 1 < k < S, @ﬁ(k) > ¢i(k+1) in Q[i, from which
it follows that o and 3 are collider connected as required. By con-
struction {@yk-1),. .-, diry} S antg({Pir—1), ix) }), hence if gypy €
antg ({Gige-1) }) then {@ig-1), - - -, igkys digryr1} € antg({Gir—1), ity +1}),
and thus (k) is not the greatest j such that

{Gitk—1)s - . 5} € antg({Gig—1): 951
Thus ¢y ¢ antg({Gie-1)}), (1 < k < s). Further, since
{Bikys - -+ Pigrry} € antg({Gury, bice+1) 1),
if ¢y € antg({irs1)}) then

{Gitk-1)> - - Pigs1y } € antg({digp—1y, Gae+1) 1),



but in that case ¢, is not the last such vertex after ¢;x_1) in t, which is
a contradiction. By construction, ;) € antg(¢i)) for 1 <k < s, and
iy ¢ antg(S), so ¢k ¢ antg(S). We have now shown that ¢ ¢
antg ({dik-1), dip1y} U S), for 1 < k < s. The required orientations
now follow from the definition of G[°.

Finally, since {611, ., diw} C antg(Z U {a, 8}) \ (antg(S) U L),
it follows by Lemma 4.7 that {&y1y,..., ¢y} C antg;i(Z UA{a, 8}).
Hence every vertex in the sequence s occurs in (g[i)mgrs({aﬁ}um, and

‘L

thus « and /3 are collider connected in this graph, as required. O

We now apply the construction in the previous proof to the example
in Figure 12. The path w = (&, 7,1,l3,15, 8) m-connects o and g given
Z* = antg({e, B} U ZUS)\ (LU {e,8}) = {7,9,s,(}. It follows that
<¢07 z/"17 1?2, ?P‘3> = <a> lla 157 6)7 S0 t:21 t= (¢0: ¢1: ¢27 ¢3> = <057 C; 57 B>> vy =
(L, 15,14,¢), and vy = (I5,6). It then follows that 5 = (¢i0), di1), di2)) =
(o, , B), s0 s=1. For k = 0,1 the graph (gantg({@(k},qsi(w)}Us>)“ is the graph
shown in Figure 12(ii). Finally, note that t does not constitute a collider
path between « and § in G[7, though the subsequence s does, as proved.

We are now ready to prove the main result of this section:

Theorem 4.18 If G is an ancestral graph over V, and SUL C 'V, then

In (9 = Im(9L)

Proof: Let XUYUZ C O. We now argue as follows:

(X,Y | 2) ¢ 39

()

& (XY |ZUS)¢3,.09)

<  Forsome a € X, § € Y there is a path 7 connecting « and 3
in (Gantg({a,syuzus))”; on which no vertex is in Z U S.

<  For some o € X, § € Y there is a path p connecting « and /3

[ERY

in ((G7 e  criasuz i@ on which no vertex is in Z.
;L"mggli‘\{ ,;5}») i

i



The equivalence (*) is justified thus:
Let the subsequence of vertices on 7 that are in O be denoted (wy, ..., w,).
Since w;, w1 € antg({a, B} UZ U S),

(gantg{{a,ﬁ}UZUS) )a = (gantg ({wiwir1}ul{a,BYuzius) >a .

By Lemma 4.17, w; and w;.; are adjacent in
((Q{f)amg[i({wi,wm}u({a,ﬁ}uzn)“,

since any vertices occurring between w; and w;4; on 7 are in L.  We now
show by induction that for 1<i<n, w; € antg[i({a,ﬁ} U Z). Since w;=a,
the claim holds trivially for i = 1. Now suppose that w; € ant g[i({a, B} U
Z). If witr ¢ antg(S) then by Lemma 4.7 wit1 € antgs({o, f} U Z). On
the other hand, if w;i; € antg(S) then by Lemma 4.9, w;y; € un g5+ It
follows that in g[i either w; 1 — w;, Wiy1 — Wy, Or Wiy — v, where 7 is a
vertex on a collider path between w; and w;, 1 in (G [i)amg[f({wé,wi 1 HU({aBYUZ))-
Consequently, w;s1 € antgi-g({wi,a,/ﬁ’} Uz = a,ntgg-g({a,,é’} U Z), by the
induction hypothesis. It now follows that for 1 <i¢ < n, w; and w;y; are
adjacent in

a
3

(G Damt g tapyom)® = (Gl Dant g (1 wns uttes i)

hence o and 3 are connected in this graph by a path on which no vertex is
in 7.

Conversely, suppose that the vertices on p are (v ..., vUp,). Since vy, vy €
antgii({oz3 YU Z), by Lemma 4.7 v, v4, € antg({a, B}UZUS). As v; and
v;41 are adjacent in

(( g[i)antg[i {{a,é’}uZ;)a = (( g{i)ant GE ({vi,v{“}u({a,ﬁ}uz’}};}“:

it follows by Lemma 4.17 that v; and v;,; are connected by a path v; in

Ay

. N . o B \a
(garstg{{yi;t;§+; Willagruziusy) — {gantg{{a},ﬁ}iﬁZL}S}

on which no vertex is in Z U S. Hence o and 7 are also connected by such a

path. O



4.2.10 Q?i is a maximal ancestral graph

Corollary 4.19 If G is an ancestral graph with verter set V = OUSUL then
G[} is a mazimal ancestral graph.

Proof: By definition there is an edge between « and g in Q[i if and only
if for all sets Z C O\ {8}, {a}, {8} | ZUS) ¢ 7,(G), or equiv-
alently ({a},{8} | Z) ¢ 3.(G)[]. Hence by Theorem 4.18, there is an

edge between « and 3 in G[; if and only if for all sets Z C O\ {w, 3},
{a}, {8} Z) ¢ 3,(G[]). Hence G[ is maximal. o

4.2.11 Commutativity

Theorem 4.20 IfG is an ancestral graph with vertex set V', and Sy, So, L1, Ly
o . %

are disjoint subsets of V', then Q[iité = (Q[LI)[ Hence the following dia-

gram commules:

Figure 11 gives an example of this Theorem.

Proof: We first show that G[;' 772 and (G[;*)[;? have the same adjacencies.

LiULy
Let «, 8 be vertices in V' \ (S US; ULy U Lg)

[Sl USs

There is an edge between « and §in G|\

& VZ CVA((S1US)U(LiULy)U{a, 8}, ({a}, {8} | Z0(51US2)) ¢ Tn(9)
& VZ S (VN(SIUL)\(S:ULU{a, 8}), ({a}, {8} | ZUS) € 3 (9}
(*) & YZC(V\(SiUL))\(S2UL2U{a, 8}), ({a}, {8} | ZUSs) ¢ 3u(91))
&

There is an edge between o and 5 in (G[5') sz

The equivalence marked (*) follows from Theorem 4.18. Now suppose that

Vi,as Sy 185
« and 5 are adjacent in Q 2 and { g?ﬁw 2

LLyULy LLy/ thge”



o € ant ..sus, (5}

gi};ii}[;g

= acantg({8}USIUSy) by Lemma 4.7;

= a€ant,s ({8}US) or € un by Corollary 4.10
i‘Ll

g
o and Lemma, 4.9;

= a€ant s (B)or a € Un g1y Sy by Corollary 4.10
L.
Falthe fihe and Lemma, 4.9;
= «a€ant, s s (5) since o and (3 are
(g[Ll)!.Lr, ! .
: adjacent.

Arguing in the other direction,

a € ant s (8) = ac€ ant g5, ({8} U S,) by Lemma 4.7;
1

v

= «a€antg({f}USUS,) by Lemma 4.7;

=« € ant s s, (B) or € un s, 08, by Corollary 4.10
b f192 0 and Lemma 4.9;

= «a € ant ,sus, (F) since o and 3 are
g[L1UL2 ' .
adjacent.

It then follows from Corollary 3.10 that G[;'732 = (G[}!)[}? as required. O

LiULy Ly

5 Extending an Ancestral Graph

In this section we prove two extension results. We first show that every
ancestral graph can be extended to a maximal ancestral graph, as stated
in Section 3.7. We then show that every maximal ancestral graph may be
extended to a complete ancestral graph, and that the edge additions may
be ordered so that all the intermediate graphs are also maximal. This latter
result parallels well known results for decomposable undirected graphs (see
Lauritzen (1996), p.20).



5.1 Extension of an Ancestral Graph to a Maximal
Ancestral Graph

Theorem 5.1 If G s an ancestral graph then there exists a unique mazimal
ancestral graph G formed by adding bi-directed edges to G such that 3,(G) =
3 (G)-

Figure 13 gives a simple example of this Theorem.
a4 ¥ e € S

X XX

USRI

e O

@ (i)

Figure 13: (i) A non-maximal ancestral graph G; (ii) the maximal extension
G. (Every pair of non-adjacent vertices in G are m-separated either by {c}

or {d}.)

Proof: Let G = G[;. It follows from Theorem 4.18 and Proposition 4.1 (i)
that

In(G) = Tn(Gl) = TnlG)[; = Tn(9)

as required. If o and 5 are adjacent in G then trivially there is a path m-
connecting « and 3 given any set Z C V' \ {a, 8}, hence there is an edge
between o and 8 in G[). Now, by Corollary 4.8, antg(a) = ant o (c). Hence

by Lemma 3.9 every edge in G is inherited by G = G[}. By Corollary 4.19
g [2 is maximal. This establishes the existence of a maximal extension of G.

Let G be a maximal supergraph of G. Suppose o and 3 are adjacent in G
but are not adjacent in G. By Corollary 4.3 there is a primitive inducing path
7 between « and J in G, containing more than one edge. Since 7 is present
in G, and this graph is maximal, it follows by Corollary 4.6 that a < 8 in

—

G. as required. This also establishes uniqueness of G. a
Three Corollaries are consequences of this result:

Corollary 5.2 G is a mazimal ancestral graph if and only if G = Qi



Proof: Follows directly from the definition of G[; and Theorem 5.1. a

The next Corollary establishes the Pairwise Markov property referred to
in Section 3.7.

Corollary 5.3 If G is a mazimal ancestral graph and «, 3 are not adjacent

in G, then {{a}, {8} | antg({e, 5}) \ {ex, B}) € Tn(G).

Proof: By Corollary 5.2, G = G [g The result then follows by contraposition
from Theorem 4.2, properties (i) and (iv). O

Corollary 5.4 If G is an ancestral graph, o € antg(53), and o, are not
adjacent in G then ({a}, {8} | antg({a, 8}) \ {«, B}) € Tn(G).

Proof: If a € antg(f) then by Corollary 4.8, o € ant g0 (8). Hence there is
no edge a <+ 3 in G[j, since by Theorem 4.12, G} is ancestral. It follows
from Theorem 5.1 that o and /3 are not adjacent in G[j. The conclusion then
follows from Corollary 5.3. a

5.2 Extension of a Maximal Ancestral Graph to a Com-
plete Graph

For an ancestral graph § = (V, E), the associated complete graph, denoted
G, is defined as follows:

G has vertex set V and an edge between every pair of distinct vertices «, 3,
specified as follows:

a—Ff if a, 5 € ung,
a— 3 if & € ung U antg(B) and 3 ¢ ung,
o [ otherwise.

Thus between each pair of distinct vertices in G there will be exactly one
edge. Note that although G is unique as defined, in general there will be
other complete ancestral graphs of which a given graph G is a subgraph.

Lemma 5.5 If G = (V, E) is an ancestral graph, then: (1) G is o subgraph

of G; (il) ung = ung; (iii) for allv € V, antz{v) = antg(v) Uung; (iv) G is
an ancestral graph.
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Proof: (i) This follows from the construction of G, Lemma 3.7, and pag(v) C
aﬂtgil/).

(ii) By construction, if & € ung then pag(a) Uspg(a) = 0 hence o € ung.
Conversely, if o ¢ ung then pag(a)Uspg(a) # 0. By (i), pag(a)Uspg(a) # 0,
so @ ¢ ung. Thus ung = ung as required.

(iii) By (i), antg(r) C antz(v), further, by construction, ung C antz(v),
thus antg(v) Uung C antz(v). Conversely, if o € antz(1y) then eithNer a €
ung = ung by (ii) or o ¢ ung. In the latter case, by construction of G there
is a directed path « = v, — -+ = 1 in 5, and every vertex on the path
is in V \ ung. Hence a € antg(v,), and v; € antg(v;1) (i=1,...,n), so
a € antg(vyp).

(iv) If 8 = «ain G then, by the construction of G, ¢ ung and 3 €
antg(ar) Uung. Hence, by Lemma 3.8(ii), o ¢ antg(5) and thus « ¢ antgz(3),
again by (iii). Similarly, if § < « in G then by construction, « ¢ ung U
antg(5), hence by (iii), @ ¢ antz(3). Thus @ ¢ antz(paz(a) U spgz(a)), so
(i) in the definition of an ancestral graph holds. By the construction of G, if
nez(a) # () then a € ung, and thus, again by construction, spz(a)Upag(a) =
{0, hence (ii) in the definition holds as required. ]

Theorem 5.6 If G is a mazimal ancestral graph with v pairs of vertices that
are not adjacent, and G* is any complete supergraph of G then there exists a
sequence of mazrimal ancestral graphs

G =06,....6, =0

where G;1 is a subgraph of G; containing one less edge €; than G;, and
Ung,., = Ubg,.

The sequence of edges removed, {(€g,...,€—1), is such that no undirected
edge is removed after a directed edge and no directed edge is removed after a
bi-directed edge.

Two examples of this Theorem are shown in Figure 14. (The existence
of at least one complete ancestral supergraph G* of G is guaranteed by the
previous Lemma.)

Proof: Let E be the set of edges that are in Gy = G* but not G. Place an
ordering < on E as follows:



o ]
[ —

(i-a) (i-b) (i-¢) (i-d)
<X X
PNV SIS
(ii-a) (ii-b) (ii-c)

Figure 14: Two simple examples of the extension described in Theorem 5.6.
In (ii) if the o <> 3 edge were added prior to the v < 0 edge the resulting
graph would not be maximal.

(i) ifa—B,7— 8 € E thena— 8 < v — §;
(i) fa— B,y 4 cE then o — 3 < v ¢ §;

(iii) ifa e B,y 4§ € Eand o, 8 € ang({v,0}) then o & 8 < v < §;

The ordering on bi-directed edges is well-defined by Lemma 3.11. Now let G;
be the graph formed by removing the first ¢ edges in £ under the ordering
<. Since G, is ancestral, it follows from Proposition 3.5 that G; is too. Since
Gy is complete, it is trivially maximal.

Suppose for a contradiction that G; is maximal, but G;,; is not. Let the
endpoints of €; be a and . Since, by hypothesis, G; is maximal, for any
pair of vertices 7,4 that are not adjacent in G;, for some set Z, (v,6 ¢ Z),
(7,6 | Z) € T3n(G) € 3 (Giv1) (by Proposition 3.12). Since «, 3 are the only
vertices that are not adjacent in Gy, but are adjacent in G, it follows by
Corollaries 4.3 and 4.4 that there is a primitive inducing path 7 between «
and 5 in G;.; and hence also in G;.

By Corollary 4.6 it then follows that €; = « < [ in G;. Since all di-
rected edges in E occur prior to €, ang(v) = ang., (v) for all v € V. By
Lemma 4.5 every edge on 7 is bi-directed and every vertex on the path is in
ang,., ({o, 8}) = ang({c. 5}). It then follows that 7 exists in G since, if any
edge on 7 were in E it would occur prior to €;. But in this case, since G is
maximal, €; is present in G, which is a contradiction.
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Finally, by Proposition 3.6, ung, C ung,,,, as Gy is a subgraph of G;.
By Lemma 5.5(ii}, ung, = ung = ung = ung,, hence ung, = ung, .. O

Note that the proof shows that between G and any complete supergraph
Gy of G there will exist a sequence of maximal graphs, each differing from
the next by a single edge.

6 Canonical Directed Acyclic Graphs

In this section we show that for every maximal ancestral graph G there
exists a DAG D(G) and sets S, L such that D(G)[} = G. This result is

L s
important because it shows that every independence model represented by
an ancestral graph corresponds to some DAG model under marginalizing and

conditioning.

6.1 The Canonical DAG D(G) Associated with G

If G is an ancestral graph with vertex set V, then we define the canonical
DAG, D(G) associated with G as follows:

(i) let Sp) = {oap | @ — B in G}
(ii) let LD(Q) = {/\aﬂ | @ <> B in g}

(iii) DAG D(G) has vertex set V U Lpg, U Sp(gy and edge set defined as
follows:

a— a— 3
H a3 ) inGthen ¢ a+ Ay — 8 » in D(G).
a—pf a— 0y 5
Figure 15 shows an ancestral graph and the associated canonical DAG.
Wermuth et al. (1994) introduced the idea of transforming a graph into a
DAG in this way by introducing additional ‘synthetic’ variables, as a method
of interpreting particular dependence models. (See also Verma and Pearl,
1990.)
A minipath is a path in D(G) containing one or two edges, with endpoints
in V, but no other vertices in V. The construction of D(G) sets up a one

ia
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Figure 15: (i) An ancestral graph; (ii) the associated canonical DAG.

to one correspondence between edges in G, and minipaths in D(G). If « and
3 are adjacent in G then denote the corresponding minipath in D(G), das.
Conversely if § is a minipath in D(G), then let 9 denote the corresponding
edge in G.

Observe that if 0,3 and 04y are minipaths corresponding to two different
adjacencies in G, then no non-endpoint vertices are common to these paths.

Given a path p in D(G), with endpoints in V, the path may be decom-
posed into a sequence of minipaths (4,005 - 5 0a,_, a0, ), from which we may
construct a path {ay,...,qy,) in G by replacing each mini-path by the cor-
responding edge. We will denote this path by u¢. Note that since D(G) is
a DAG, anp(g)(-) = antp(g)(-), and by definition a path p is m-connecting
if and only if it is d-connecting. Since it helps to make clear that we are
referring to a path in a DAG, we will only use the term ‘d-connecting’ when
referring to a path which is m-connecting (and d-connecting) in D(G).

6.1.1 Graphical properties of D(G)
Lemma 6.1 Let G be an ancestral graph with vertex set V.

(i) If B €V then anpg(8) NV = ang(S).

(if) anp(g)(Spg)) = Pap(g)(Sp(g)) U Spg): $0 anpg)(Sp(g)) € Sp(g) U ung.
(ili) anpg)(Spg)) N L) = 0.

Proof: (i) If o, € V and o € anpy)(5) then there is a directed path &
from « to 8 in D(G). Every non-endpoint vertex on & has at least one par-
ent and at least one child in D(G), hence every vertex on § is in V' (since

chpg)(Spig)) = 0 = papgy(Lp)). It then follows from the construction of
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D(G) that § exists in G, so « € ang([). It also follows from the construction
of D(G) that any directed path in G exists in D(G).

(ii) By construction, papgy(0as) = {a, 8} C ung (by Lemma 3.7). But
again, by construction, papg(ung) = 0. Hence anpg)(0as) = {@, 5,045} C
ung U {oas}, s0 anpg)(Spg)) € ung U Spg).

(iii) This follows from the previous property:
anp(g)(Sp(g)) N L) € (ung U Spgy) N Ly C (VU Spg)) N Lpg) =0

]
Note that antg(3) # antp(g)(3) for § € V, because an undirected edge
a— B in G is replaced by o = Ayp < 5 in D(G).
Lemma 6.2 G is a subgraph of D(g)[i;igi
Proof: First recall that anp(gy(-) = antp(g)(-) since D(G) is a DAG. We now
consider each of the edges occurring in G:

(i) If a— B in G then a — 0ug < 8 in D(G), s0 @, § € antpg)(Spg))- It
then follows that o — 3 in D(g)[%(g)

Lpgy”

(ii) If « — §in G then a — 3 in D(G), so o € antpgy(5). By Lemma
6.1(i), 8 ¢ antp(g)(c), and since further, § ¢ Spg) U ung, by Lemma
6.1(i1), 8 ¢ antp(gy(Sp(g)). It then follows from the definition of the

. o s S
transformation that o — J in D(g}{jggi

(iii) Likewise, if & ¢» §in G then o +— M43 — J in D(G). By Lemma 6.1(i)
and (ii), it follows as in case (ii) that 3 ¢ antpg)({a} U Sp(g)), and by

N P LS N
symmetry, o € antpg) ({8} U Spigy). Hence a <+ 5 in D(g)&zg’;.

]
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6.2 The independence model J,,(D(G)[;79 )

Lpg

Theorem 6.3 If G is an ancestral graph then

3, (g) _ j,mD(Q)) oy _ — (D g)FS’Dt’Q} )

Lpigy LD(Q

It follows from this result that the global Markov property for ancestral
graphs may be reduced to that for DAGs: X is m-separated from Y given Z
in G if and only if X is d-separated from Y given Z U Sp(g). (However, see
Section 8.6 for related comments concerning parametrization.)

It also follows from this result that the class of independence models
associated with ancestral graphs is the smallest class that contains the DAG
independence models and is closed under marginalizing and conditioning.

We break the proof into three pieces:
Proof: ffm(’D(Q)){SD(g) o= jm(’D(g)[SD(g) ) by Theorem 4.18. O

tp(g) el

Proof: J,(G) C jm(D(g)){izg)j
Suppose G has vertex set V', containing vertices «, 3, and set Z («, 3 ¢ Z).
It is sufficient to prove that if there is a path g which d-connects « and 3
given Z U Sp(g) in D(G) then p¢ m-connects o and 3 given Z in G.

Suppose that v is a collider on p9. In this case v is a collider on p since
the corresponding minipaths collide at  in D(G). Since g is d-connecting
given Z U Spigy and vy € V,

7€ (anDcm(Z U SD<9>3> nv = (aﬂD<g>(Z) N V) U (anmm(sb(g;) N X)

by Proposition 2.1. But v ¢ ung, so by Lemma 6.1 (ii), v ¢ anpg)(Sp(g))-
Hence v € (anpg)(Z) N'V) = ang(Z), the equality following from Lemma
6.1(i).

If v is a non-collider on pY then 7 is a non-collider on u, so v & Z U Spig),

thus v € Z as required. O
Proof: J, ("D(g;@z}i ) € 3.(9)
By Lemma 6.2 G is a subgraph of Dggﬁfz&; the result then follows by

P

Proposition 3.12. 0O
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6.2.1 If G is maximal then D(G)[;>% =g
We now prove the result mentioned at the start of this section:

Theorem 6.4 If G is a mazimal ancestral graph then
5pg) _
D)2 = 6.

Proof: By Lemma 6.2 G is a subgraph of D(G)[;>, while by Theorem 6.3

L'D)QV
these graphs correspond to the same independenc(e model. It then follows
from the maximality of G that D(G)[ Lf;i; =q. O

7 Probability Distributions

In this section we relate the operations of marginalizing and conditioning
that have been defined for independence models and graphs to probability
distributions.

7.1 Marginalizing and Conditioning Distributions

For a graph G with vertex set V' we consider collections of random variables
(X,)vev taking values in probability spaces (X,).ev. In all the examples
we consider, the probability spaces are either real finite-dimensional vector
spaces or finite discrete sets. For A C V we let X4 = X,ca(X,), X = Xy
and XA = (XI/)I/EA'

If P is a probability measure on Xy then as usual we define the distri-
bution after marginalizing over X, here denoted P{XL or Px,,,, to be a
probability measure on Xy, such that

Pl (E) = Px, (E) = P(<XV‘:L,XL> € Ex -%L)

X

We will assume the existence of a regular conditional probability measure,
denoted P[*57°5(.) or P(- | Xg = zg), for all zg € Xg so that

/ P[5~ (E)dPx, (1) = P({XWS,XS} € E x F)
F

This defines P[*57°5(.) up to almost sure equivalence under Pyx,. Likewise
we define

Xo=ag S [Xo=zgy [ Y
ngz °() = (pPre %féxi{'}'



7.2 The Set of Distributions Obeying an Independence
Model (P(J))

We define conditional independence under P as follows:

X =g — Xp=ap Xeoymae e . B
AlLB ‘ C [P} = P[Xg\(;ic)(.) - P[X\Ej\(AiBSC) C( ) (P)&Buc a'€'>
where we have used the usual shorthand notation: A denotes both a vertex
set and the random variable X 4.

For an independence model J over V' let P(J) be the set of distributions
P on X such that for arbitrary disjoint sets A, B, Z, (Z may be empty)

if (A,B|Z)ed then AIB|ZIP]

Note that if P € P(J) then there may be independence relations that are
not in J that also hold in P.

A distribution P is said to be faithful or Markov perfect with respect to
an independence model J if

(A,B|Z)e3J ifand onlyif ALLB|Z|[P].

An independence model J is said to be probabilistic if there is a distribution
P that is faithful to J.

7.3 Relating P(7,,(G)) and P(3,(G[}))

Theorem 7.1 Let 3 be an independence model over V with SUL C V. If
P € P(3) then )

Pgi:ms « P(j{;) (PXS a.e,}.
Proof: Suppose (X,Y | Z) € 3. It follows that (X,Y
(XUYUZ) CV\(SUL). Hence, if P € P(J) and (X,

| ZUS) € J and
Y| Z) € 3 then

XUY | ZuS [P,

hence
i P g X o
XUY | Z épg o

Xy i\PXs a.e.j.

[—



(The last step follows from the assumption that regular conditional proba-
bility measures exist. See Koster (1999a) Appendix A & B.) Since there are
finitely many triples (X,Y | Z) € J[3, it follows that

PEs™s € P(I}) (Px,ae),
as required. O
Two corollaries follow from this result:
Corollary 7.2 If G is an ancestral graph and P € P(3,,(G)) then
P € P(On(9);) = P(On(9})  (Pxsae.).
Proof: This follows directly from Theorem 7.1 and Theorem 4.18. O

Corollary 7.3 If N is a normal distribution, faithful to an independence
model 3 over vertex set V. then N[(S™ is faithful to J[;.

Proof: Since N € P(J), by normality and Theorem 7.1, N[ﬁf:‘“ e P(3[)).
Now suppose (X,Y | Z) ¢ 3[° where XUYUZ C V \ (SUL). Hence
(X,Y | ZUS) ¢73. Since N is faithful to J,

XAY | ZUS [N] which implies XNY | Z [N[;cizxs}

for any zg € RI®!, by standard properties of the normal distribution. O

Note that the analogous result is not true for the multinomial distribution
as context-specific (or asymmetric) independence relations may be present.

L4
. ﬁ/ \5 /\_\5
— =7 7

@ (i)

. S feon 3 o . P
Figure 16: (i) An ancestral graph G; (ii) the graph G[, . (See Section 7.3.1.)



7.3.1 A non-independence restriction

The following example due to Verma and Pearl (1991), Robins (1997) shows
that there are distributions Q € P(J,,(G)[) for which there is no distribution
P € P(3,(G)) such that @ = P[}. In other words, a set of distributions
defined via a set of independence relations may impose constraints on a given
margin that are not independence relations.

Consider the graph G in Figure 16(i). Marginalizing over ¢ produces
the complete graph G[},, shown in Figure 16(ii), so P(J.(G[},,)) is the sat-
urated model containing every distribution over {«,f,v,0}. However, if
P € P(3,,(G)) then, almost surely under P(X,, X,),

| PXs 20025, 3,) aP(es | 22)

- / / P(Xs | Zay 05, 20, 73) AP(0y | Tay 25, 72) dP(z5 | Ta)
Xg J Xy

:/ / P(X5 I ZQ,LL'F/}?Q?%:L@) dP(x?l) [ lEa,ZL‘g) dP(:L‘_g lxa)
X5 /Xy
since v1L¢ | {o, 5}
:/ P(X<5 k ZCQ,.’Eﬁ,SC,Y,l'q/;) dp(xg,ﬂfw } xa)
XpxXy

= / P(X; | 2oy Ty, xy) dP(z5, 2y | To) since
Xax Xy BJ-Lé % {aj: e Q/’}

i

:L P(X(; E $a,$7,$¢> dP(xw ) xa)

:/ P(Xs | @y, xy) dP(zy) since a1l
o alld [ {v, v}

This will not hold in general for an arbitrary distribution since the last ex-
pression is not a function of z,. However, faithfulness is preserved under
marginalization for arbitrary distributions.



7.4 Independence Models for Ancestral Graphs Are
Probabilistic

The existence of distributions that are faithful to J,,(G) for an ancestral
graph G follows from the corresponding result for DAGs:

Theorem 7.4 (Building on results of Geiger, 1990, Geiger and Pearl, 1990,
Frydenberg, 1990b, Spirtes et al., 1993 and Meek, 1995b.)

For an arbitrary DAG, D, 3,(D) is probabilistic, in particular there is a
normal distribution that is faithful to 3, (D).

Theorem 7.5 If G is an ancestral graph then 3,,(G) is probabilistic, in par-
ticular there is a normal distribution which is faithful to 3,,(G).

Proof: By Theorem 6.3 there is a DAG D(G) such that

jm(g) = jm(D(g){SD(g) )

Lpg)

By Theorem 7.4 there is a normal distribution N that is faithful to J,,(D(G)).
By Corollary 7.3, N[357* is faithful to In(DENEY = T (D(G)[2D) =

Lp(gy Lp(gy

In(G). 0

7.4.1 Completeness of the global Markov property

A graphical separation criterion C is said to be complete if for any graph G
and independence model J*,

if 30(G) C 7 and P(3c(G)) = P(F*) then Jo(G) = T

In other words, the independence model J-(G) (see Section 2.1.1) cannot be
extended without changing the associated set of distributions P(J(G)).

Theorem 7.6 The global Markov property for ancestral graphs is complete.

Proof: The existence of a distribution that is faithful to J,,(G) is clearly a
sufficient condition for completeness. 0



8 Gaussian Parametrization

There is a natural parametrization of the set of all non-singular normal dis-
tributions satisfying the independence relations in J,,(G). In the following
sections we first introduce the parametrization, then define the set of normal
distributions satisfying the relations in the independence model, and then
prove equivalence.

Let N,y(u,%) denote a p-dimensional multivariate normal distribution
with mean g and covariance matrix L. Likewise let N, be the set of all
such distributions, with non-singular covariance matrices.

Throughout this section we find it useful to make the following convention:
$34 = (Zaa)7t, where T4, is the submatrix of ¥ restricted to A.

8.1 Parametrization

A Gaussian parametrization of an ancestral graph G, with vertex set V and
edge set E is a pair (i, @), consisting of a mean function

w:V-==R
which assigns a number to every vertex, together with a covariance function
P:VUE —-R

which assigns a number to every edge and vertex in G, subject to the re-
striction that the matrices A, {2 defined below are positive definite (p.d.):

([ ®(a)  ifa=4,
(MNag = g = Qla—p) fa—pFin G,

2 ¥l

a,fcung 0 otherwise:

®(a) if =73,

(Q) s = Wep = Plaw 3) fawr Fing,

a,feViung 0 otherwise.

Let ®(G) be the set of all such parametrizations (u, ®) for G. We further
define:
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1 ifa=7

(Ba,ﬁ = baﬁ = @(&(——3} lf(l’(—“;?lng
a,feV 0 otherwise.

Proposition 8.1 If A and Q are given by a parametrization of G then
(i) A, Q are symmetric;
(ii) for v € ung, A,, > 0 and for v € V \ ung, w,, > 0.

Proof: Both properties follow from the requirement that A, ) be positive
definite. a

Proposition 8.2 Let G be an ancestral graph with vertices V, edges E. The
values taken by ®(-) on the sets, ung U{a— B € E}, (V\ung)U{a + g€
E} and {a — B € E} are variation independent as ®(-) varies in ®(G).
Likewise, p(-) and ®(-) are variation independent.

Proof: Follows directly from the definition of a parametrization. O

Lemma 8.3 Let G be an ancestral graph with vertex set V. Further, let <
be an arbitrary ordering of V' such that all vertices in ung precede those in
V \ung, and o € an(B) \ {8} implies a < 8. Under such an ordering, the
matriz B given by a parametrization of G has the form:

I 0 I 0
B e N d B*‘“l = — — 3
( By, Baa ) > an ( ~Byy Baw By )

where By, is lower triangular, with diagonal entries equal to 1. Hence B us
lower triangular and non-singular, as is B™.

Note that we use u, d as abbreviations for ung, V' \ ung respectively.

Proof: If a, 3 € ung then since G is ancestral, « ¢ chg(8) and vice versa.
Hence by definition of B, b,s = 6(a, ) (where § is Kronecker’s delta func-
tion). If @ € ung, 5 € V \ ung then « ¢ chg(3), since G is ancestral, hence
bog = 0. If o, 8 € V \ ung, and o = 7 then bys = 1 by definition. If
a # 3, and bz # 0 then « € chg(f), so § < a. Finally, since G is ancestral,
3 & chgla), s0 bs, = 0 as required. O

ot
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8.1.1 Definition of the Gaussian model (NV(G))

A parametrization (u, ®) of G specifies a Gaussian distribution as follows:
Ngue = Nivi(1: Zge)

where

(10 = pla), and Zge =57 (4 0 )57 0

The Gaussian model, N(G) associated with G is the set of normal distribu-
tions obtained from parametrizations of G:

N(G) = {Ngyue | (1, @) € 2(9)}
The mean function p does not play a significant role in what follows.
Lemma 8.4 If (u, @) is a parametrization of an ancestral graph G then

Al ~A"'B; By
%0 = | _pip. Al Bi(BuA-'BI il
dd DPdul ad (Baul i+ ) Bgy

g1 A+ BLQﬁleu BLQ_led '
e Bl 'By,  BLO By
Proof: Immediate from the definition of Y34 and Lemma 8.3. O

Note that it follows from the conditions on B, A and {2 that ¥gs is
positive definite. The mean function p does not play a significant role in
what follows.

8.1.2 Parametrization of a subgraph

Lemma 8.5 Let (i, ®) be a parametrization of an ancestral graph G =
(V,E). If ACV such that ant(A) = A, and (pa, P ) is the parametrization
of the induced subgraph G4, obtained by restricting p to A and ® to AU E*,
where E* is the set of edges in G, then

A—1 /A =13 oy -1 /-1y
AL = (A arwane: Qa = (Q)angans, By = (B 7 )aa,

hence

Sy (S,
2, = (Xga)aa,

where Ay, Q4, By arve the matrices associated with © 4.
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In words, if all vertices that are anterior to a set A in G are contained
in A then the covariance matrix parametrized by the restriction of ® to the
induced subgraph G, is just the sub-matrix (Xgg)a4.

Note the distinction between matrices indexed by two subsets which in-
dicate submatrices in the usual way (e.g. ¥ 44) and matrices indexed by one
subset which are obtained from a parametrization of an induced subgraph
on this set of vertices (e.g. Ba).

Proof: For Q there is nothing to prove. Since A = ant(A4), no vertex in
ung N A is adjacent to a vertex in ung \ A. Thus

A = ( Aar Arw 0 )
0 Apawa

$0 (A™") arware = A" as required.

Since A is anterior,
Bsa 0 )
B = ,
( Bas Bax )’
where A = V \ A. The result then follows by partitioned inversion since
By = (B)aa = Baa. o

If G = (V, E) is a subgraph of an ancestral graph G* = (V, E*), then there
is a natural mapping (u, ®) — (u*, ®*) from ®(G) to ®(G*), defined by:

ey cin_ ) ®x) fzeVUE,
wo=ut) vw={g® FEIST

®* simply assigns 0 to edges in G* that are not in G (both graphs have the
same vertex set). It is simple to see that

zwgu@ = f\vfg»«wqy .
The next Proposition is an immediate consequence:

Proposition 8.6 If G = (V. E) is a subgraph of an ancestral graph G* =
(V.E*) then N(G) S N(G*).

~J
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8.1.3 Interpretation of parameters

Theorem 8.7 If G = (V,E) is an ancestral graph, {u,®) € ®(G), and
Y = Ygq, then for all vertices « for which pa(a) # 0,

= S AP o0 ST
B{a}pa(a} = "E{a}pa{a>2p;(a>pa(a); further, ( 00 ) = BYB'. (2}

Regarding S as the covariance matrix for a (normal) random vector Xy,
the Theorem states that ®(« « v) is —1 times the coefficient of X, in the
regression of X, on Xpa). 2 is the covariance matrix of the residuals from
this set of regressions. A is just the inverse covariance matrix for X;,. Hence
if & is obtained from some unknown covariance function @ for an ancestral
graph G, then equation (2) allows us to reconstruct ® from G and X.

Proof: Suppose that ¥ = Sgq for some parametrization (i, ®). If every
vertex has no parents then B is the identity matrix and the claim holds
trivially.

Suppose that « is a vertex with pa(a) # 0, hence by definition o € V\ung.
Let A = ant(a), e = ant(a) \ (pa(a) U {a}), p = pa(a). By Lemma 8.5,

ST Ayt 0 T
aa = By 0 Q. By . (3)

Since G is ancestral, neg(a) N A = (). Thus partitioning A4 into e, p, {a}, we
obtain

Bee 0 0 Qeﬁd end Qe,ﬂd pnd 0
BA = Bpe Bpp 0 N and QA = Qpﬁd end gzpﬂd pnd 0
0 BQp 1 O O wozoz

The expression for B{a}pa(a) = Bap then follows from (3) by routine calcula-
tion. The second claim is an immediate consequence of (1). O

8.1.4 Identifiability

Corollary 8.8 If G is an ancestral graph, ®, ®s are two covariance func-
tions for G and Yge, = Yge, then ®(-) = ®y(-). Hence the mapping
D — Sge is one-to-one. ‘

Proof: This follows directly from Theorem 8.7: both ®; and ®5 satisfy
equation {2} and hence are identical. i

[y
o



8.1.5 N(G) for a complete ancestral graph is saturated

Theorem 8.9 If G = (V, E) is a complete ancestral graph then N(G) =
J\(;%Vi'

In words, a complete ancestral graph parametrizes the saturated Gaussian
model of dimension |V].

Proof: Let 3 be an arbitrary p.d. matrix of dimension |V]. It is sufficient to
show that there exists a covariance function ¢ for G, such that~§ = Ygp. We
may apply equation (2) to obtain matrices B, A and 2 from ¥. However, it
still remains to show that (a) whenever there is a non-zero off-diagonal entry
in A, or B, there is an edge of the appropriate type in G to associate with
it, and (b) A and € are positive definite.

By Lemma 3.21(ii), Gun, is complete, hence in A all off-diagonal entries
are permitted to be non-zero.

It follows directly from the construction of B given by (2) that if (B),s #
0 and « # § then 8 € pa(a).

Now suppose, «, 8 € V' \ ung, and there is no edge o +» § in G. Since G
is complete, it follows from Lemma 3.21(iii) that either o « 3, or @ — §.
Without loss of generality suppose the former, and let A = ant(«) = pa(a)U
{a} since G is complete. Then

(BEBT)as = (BaZaaB})as

_ | ~Bmi 0 %pp %pa B,, —53;;} Spa
l ~EapYpy 1 Yap Laa 0 L of
= 0

as required. The same argument applies in the case where § € ung, o €
V \ ung, and hence o < 3, thus establishing that BEBT is block-diagonal
with blocks A~! and €. This establishes (a).

Since, by hypothesis, S is p.d. and B is non-singular, by construction, it
follows that A and © are also p.d. hence (b) holds. We now have:

Yoo = B ( A; g ) B T =B'BEB'B T =%.

1
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8.1.6 Entries in Q7! and G,

If G = (V,E) is an ancestral graph then we define G., to be the induced
subgraph with vertex set V', but including only the bi-directed edges in £.

Lemma 8.10 If o, 3 € V \ ung and « 1s not adjacent to 3 in (G ) then
(Q_l)ag =0,
for any Q obtained from a covariance function ® for G.

Proof: (Based on the proof of Lemma 3.1.6 in Koster (1999a).)

First recall that o and § are adjacent in (G,,)® if and only if & and 3 are
collider connected in G.,. The proof is by induction on |d| = |V \ ung|.
If |d| = 2 then (27 1)ap = —(Q)ap|Q™" = 0 as there is no edge o +» 8 in G.

For |d| > 2, note that by partitioned inversion:

(Q Nas = = (Wap = Uateho Q) Vaprel ™ (4)
= - (waﬁ =) War () 5 W«ss) Qapyel ™ (5)
v,6€¢

where ¢ = d\ {e, 8}, O} = (Q) 7}, and

QUasre = Qap) (ah) — Haple o Lefars)-

Since « and § are not adjacent in (G, ) there is no edge a <+ 3 in G, hence
wep = 0. Now consider each term in the sum (5). If there is no edge « <> v
or no edge § < 3 then wy, (2.')wss = 0. If there are edges o +» v and
5 <> Sin G then v # ¢ as otherwise « and 5 would be collider connected in
G, and further v and J are not collider connected in (G.).,. Hence by the
inductive hypothesis, (Q'),s = 0. Thus every term in the sum is zero and

we are done. O

An alternative proof follows from the Markov properties of undirected
graphical Gaussian models (see Lauritzen, 1996): view the specification of
formally as if it were an inverse covariance matrix for a model represented by
an undirected graph U. Then « and 7 are not collider connected in G if and
only if & and 3 are not connected in . Hence by the global Markov property
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for undirected graphs, o and f are marginally independent, so (271),5 = 0.
(We thank S. Lauritzen for this observation.)

It also follows directly from the previous Lemma (and this discussion) that
Q! will be block diagonal. (We thank N. Wermuth for this observation.)

Corollary 8.11 Let G be an ancestral graph with o <+ 5 in G. Let G' be
the subgraph formed by removing the a <> 8 edge in G. If a and B are not
adjacent in (G.,)* then

(0 )as = ~B(a & 7)|Qagyel

where ¢ = d\{«, 8}, ® is a covariance function for G, and §) is the associated
matric.

Note that we adopt the convention: ¢, g}.. = Q4,57 when ¢ = ).

Proof: By the argument used in the proof of Lemma 8.10, it is clear that the
sum in equation (5) is equal to 0. The result then follows since, by definition,
wep = Pla & F). O

8.2 Gaussian Independence Models

A Gaussian independence model, N'(J), is the set of non-singular normal
distributions obeying the independence relations in J:

N(j) = .Nfgvg n P(I)

where V' is the set of vertices in J. As noted in Section 7, normal distributions
in M (J) may also satisfy other independence relations.

Proposition 8.12 If G’ is a subgraph of G then N (3,(G")) € N(3,.(G)).
Proof: Follows directly from Proposition 3.12. O
Theorem 8.13 If Gy, Gy are two ancestral graphs then

N (3,(G1)) = N(3n(G2)) if and only if 3,(G1) = T (Ga).

Proof: If 3,,(G1) = J,.(G2), then N(3,,(G1)) = N(3,,(G2)) by definition.
By Theorem 7.5 there is a normal distribution N; that is faithful to
J,(G1). Hence

(A,B|Z)€3.G) < ALB|Z[N)
Since "j\'{’{jﬁ'&(gi;}} = v}v‘{jm{gﬁv}} *"\;} < f\ffjm{gz}} hence jm{gz} g jm{gijé

The reverse inclusion may be argued symmetrically. O
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8.3 Equivalence of Gaussian Parametrizations and In-
dependence Models for Maximal Ancestral Graphs

The main result of this section is the following:

Theorem 8.14 If G is a maximal ancestral graph then
N(G) = N(3.(G))-

In words, if G is a maximal ancestral graph then the set of normal distri-
butions that may be obtained by parametrizing G is exactly the set of normal
distributions that obey the independence relations in J,,(G).

Note that Wermuth et al. (1994) refer to a ‘parametrization’ of an in-
dependence model when describing a parametrization of a (possibly proper)
subset of V' (J). To distinguish their usage from the stronger sense in which
the term is used here, we may say that a parametrization is full if all distri-
butions in A (J) are parametrized. In these terms Theorem 8.14 states that
if G is maximal then the parametrization of G described in Section 8.1 is a
full parametrization of N (J3,,(G)).

8.3.1 N(G) when G is not maximal

If G is not maximal then A/(G) is a proper subset of A'(J,,(G)), as the follow-
ing example illustrates: consider the non-maximal ancestral graph G shown
in Figure 9(a). Since J,(G) = 0, N(J.(G)) = N, the saturated model.
However, there are 10 free parameters in A; and yet there are only 5 edges
and 4 vertices, giving 9 parameters in A (G). Direct calculation shows that

OvaOas _ Oy3034 n OnaTap 085 _

=0

O~ —
Oaa T88 Taalpp

where 04y = (£gs)sy. This will clearly not hold for all distributions in ;.

8.3.2 If G is maximal then N(J,(G)) C N(G)

We first require two Lemmas:

Lemma 8.15 Let G = (V, E} be an ancestral graph, € an edge in E with

endpoints (o, B) and V = antg({e, 5}). If ' = (V. E\ {€}) is mazimal, then
for an arbitrary covariance function ® for G, (X54)as = 0 implies ®(€) = 0.
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In words, if in a graph G, removing an edge, €, between o and /3 results in
a graph that is still maximal, then in any distribution Ng,s obtained from a
parametrization (i, ®) of G, if the partial correlation between « and 3 given
V' \ {a, 8} is zero, then ® assigns zero to the edge €.

Proof: There are three cases, depending on the type of the edge e:

(1)

(2)

€ is undirected;

In this case o, 8 € ung. Then by Lemma 8.4,
(S Has = (A+ B, Q' Byu)as.

However, since V = antg({c,8}), d = 0, hence (E71)op = (A)op =
O(a — ), s0 ®(a — () = 0 as required.
€ is directed;

Without loss, suppose a + . It now follows from Lemma 8.4, that
(£ Nag = Bl Bagsy
= Z bva<Q—l)75b5ﬂ-

v,8€d

Now, b, = 0 for a # = since chg(a) = 0, and by, = 1 by definition.
Hence

(S Nas = D asbss-
sed

Since § — «, § € antg(a), so V = antg(e). Thusif § € V, o # ¢, and
« and ¢ are connected by a path 7 in G.,, containing more than one
edge (see p.60), then = is a primitive inducing path between « and §
in G. But this is a contradiction, since 6 € antg(c), and yet by Lemma
4.5 (ii), 6 ¢ antg(c). Hence by Lemma 8.10, (27 ')as = 0 for ¢ #
Consequently,

{Z-Laé = {Q“}éa&bas = {Q~1\§£‘ca®(a - 3/}
: ) y J 8 ;

As Q is positive definite, (27")aq > 0, hence ®(a — §) = 0.
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(3) € is bi-directed.

Again it follows from Lemma 8.4, that
(S Nasg = BimQ 'Bags
- Z bfyo:(Q_l)'y&béﬁ-

v,6e€d

As chg({a, B}) = 0, bye = 0 for v # «, and likewise bsg = 0 for 6 # 3.
By definition, bgs = bao = 1. Since, by hypothesis, G’ is maximal, a
and 3 are not adjacent in (G.,)%, so

(X Nap = (Q Nas = =0 ¢ 8)|Qapyel ™,

the second equality following by Corollary 8.11. Hence ®(a +» ) =0
as required. O

Note that case (2) could alternatively have been proved by direct appeal
to the interpretation of ®(« < ) as a regression coefficient, as shown by
Theorem 8.7. However, such a proof is not available in case (3), and we
believe that the current proof provides greater insight into the role played by
the graphical structure.

The next Lemma provides the inductive step in the proof of the claim
which follows.

Lemma 8.16 Let G = (V, E) be an ancestral graph and € an edge in E. If
G = (V, E\ {€}) is mazimal, and ung = ung, then

N(G) NN (T,(G") € N(G).

Proof: Let N € N(G) N N(3,(G")), with covariance matrix ¥, and para-
metrization ®g. Let € have endpoints o, 5. Since ung = ung it is sufficient
to show that ®g(e) = 0, because in this case, the restriction of &g to the
edges (and vertices) in G is a parametrization of G', hence N € N (G").

Let A = antg ({e, }) = antg({a, 8}). Since «, 3 are not adjacent in G’
and G’ is maximal, it follows from Corollary 5.3 that

{Gf} {3}' % aﬁt{{&: 3}} g\‘\ {Of? ﬁ}f € jm{g;}
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Since N € N (3,,(G")), it then follows from standard properties of the Normal
distribution that (¥3})ss = 0. By Lemma 8.5 ¥}, is parametrized by @4,
the restriction of ®¢ to the edges and vertices in the induced subgraph G4.
The result then follows by applying Lemma 8.15 to G4, giving ®4(€) =
q)g(é\) = {. 0

We are now in a position to prove that if G is maximal then all distri-
butions in N'(J,,(G)) may be obtained by parametrizing G. This constitutes
one half of Theorem 8.14:

Claim: If G is maximal then N (J,,(G)) C N (G).

Proof: Suppose N € N (3.(G)). Let G be the completed graph defined in
Section 5.2. By Theorem 8.9, My = N(G), hence N € N(G). By Theorem

5.6, there exists a sequence of maximal ancestral graphs 5 =0Gg,...,.0,=¢
where 7 is the number of non-adjacent vertices in G and ung, = - -+ = ung, .
Now by Proposition 8.12,

N(jm(gr)) C-C N(jm<g0)) = MV}

hence N € N(J3,(G)), for 0 < i < r. We thus may apply Lemma 8.16
r-times to show successively

N e N(G;) NN (3,(Gi.1)) implies N € N(Gi1)
fori=0tor—1. Hence N € N(G,) = N(G) as required. 0

8.3.3 N(G) obeys the global Markov property for G

The following lemma provides a partial converse to Lemma 8.15.

Lemma 8.17 If ® is a covariance function for an ancestral graph G =
(V,E), and o, 8 € V are not adjacent in (G)* then (£54)as = 0.

Proof: There are two cases to consider:

(1) & ung or 5 ¢ ung;

By Lemma 8.4:
(Sge)as = D bralQ)sbss (6)

v.éed
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If b, # 0 and bss # 0 then there are edges o« — v, § — J in G, hence
v # 6, B+ v and « # ¢ since otherwise o and 3 are adjacent in (G)%.
Further, there is no path between v and 4 in G, since if there were, o
and 3 would be collider connected in G, hence adjacent in (G)*. Thus
v and ¢ are not adjacent in (G.,)* and so by Lemma 8.10 (Q71).s = 0.
Consequently every term in the sum in (6) is zero as required.

(2) «,p € ung.
Again by Lemma 8.4:
(Egé)aﬁ = Aap + Z bra(271) b5 (7)

v,6€d

If o, B are not adjacent in (G)* then o and 3 are not adjacent in G.
Hence Ay,p = 0. The argument used in case (1) may now be repeated
to show that every term in the sum in (7) is zero. O

The next lemma proves the second half of Theorem 8.14. It does not
require G to be maximal, so we state it as a separate lemma.

Lemma 8.18 If G is an ancestral graph then N'(G) C N (3.(G)).

In words, any normal distribution obtained by parametrizing an ancestral
graph G obeys the global Markov property for G.

Proof: Suppose that (X,Y | Z) € 3,(G). If v € antg(XUYUZ)\(XUY UZ)
then in (Gang(xuvuz))® either v is separated from X by Z, or from Y by Z.
Hence X and Y may always be extended to X*,Y™ respectively, such that
(X*Y* | Z) € 3,(G) and X* UY*U Z = antg(X UY U Z). Since the
multivariate normal density is strictly positive, for an arbitrary N € Ny,

(C5) ALLB|CUD and ALLC |BUD implies ALBUC|D

(see Dawid, 1980). By repeated application of C5 it is sufficient to show that
for each pair o, 5 with « € X*, 3 € Y*,

all B (ZUuX UY") \{a, 5} [N],
or equivalently (X74),5 = 0, where A = X* UY* U Z. Since (X*,Y* | Z) €
3.(G), o and 5 are not adjacent in (G4)% The result then follows from
Lemma 8.5 and Lemma 8.17. ]

66



Lemmas 8.17 and 8.18 are based on Lemma 3.1.6 and Theorem 3.1.8
in Koster (1999a), though these results concern a different class of graphs
(see Section 9.2). An alternative proof of Lemma 8.18 for ancestral graphs
without undirected edges is given in Spirtes et al. (1996, 1998).

8.3.4 Distributional equivalence of Markov equivalent models

The following corollary states that two maximal ancestral graphs are Markov
equivalent if and only if the corresponding Gaussian models are equivalent.

Corollary 8.19 For mazimal ancestral graphs, Gy, Gs,

Jn(G1) = T (G2) if and only if N(G1) = N(Ga).
Proof:
N(G1) = N (G2) N(3.(G1)) = N(3.(G2)) by Theorem 8.14:

&
< In(G1)= T (G2 by Theorem 8.13.
O

v

Corollary 8.20 If G = (V, E) is an ancestral graph and SUL C V,
if Ne N(G) then N[375 ¢ N(GE).
for all zg € RIS

Proof: By Lemma 8.18 N'(G) C N (3,,(G)). Hence by normality and Theo-
rem 7.1 N [ﬁi‘ms € N(3.(6 )[i) Finally, by Corollary 4.19 G[ is maximal,
hence

N(3.(9)[;) = N(3.(G[7)) = N(G[),
by Theorem 4.18 and Theorem &.14. 0

Suppose that we postulate a Gaussian model NV (G) with complex struc-
ture, such as a DAG containing latent variables and/or selection variables.
This corollary is significant because it guarantees that if A'(G) contains the
‘true’ distribution N*, and we then simplify G to a model for the observed
variables, N Qéi}, then the new model will contain the true ‘observable’
distribution obtained by marginalizing the unobserved variables and condi-
tioning on the selection variables, ’\;fiﬂs . (The distribution N[357°% is
termed ‘observable’ because it is the distribution over the observed variables
(VAN (SUL)) in the ‘selected’ subpopulation for which X¢ = zg. In general
this will obviously not be the distribution observed in a finite sample.)
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8.4 Gaussian Ancestral Graph Models Are Curved Ex-
ponential Families

Let § be a full regular exponential family of dimension m with natural pa-
rameter space O CR™,s0 S = {F | § € ©}. If U is an open neighbourhood
in ©, then SY = {P) | 8 € U}. Let & be a sub-family of S, with © the
corresponding subset of ©.

If Aisopen in R™ then a function f : A — R™ is a diffeomorphism of
A onto f(A) if f(-) is one-to-one, smooth (infinitely differentiable), and of
full rank everywhere on A. Corollary A.3 in Kass and Vos (1997) states that
a function f is a diffeomorphism if it is smooth, one-to-one, and the inverse
ft: f(A) — A is also smooth.

Theorem 4.2.1 in Kass and Vos (1997) states that a subfamily Sy of an
m-dimensional regular exponential family S is a locally parametrized curved
exponential family of dimension k if for each 8, € ©g there is an open neigh-
bourhood U in © containing 6y and a diffeomorphism f : U — RF x R™*,
and

SY = {Pre S| £(6) = (w,0)}.

We use the following fact in the next Lemma:

Proposition 8.21 If f is a rational function defined everywhere on a set D
then f is a rational function defined everywhere on D.

Proof: The proof is by induction on n. Suppose f = g, /h,, where gy, hy,
are polynomials, and A, > 0 on D. Then f"+Y = (h,g" — g,h.)/h? from
which the conclusion follows (since A% > 0 on D). a

v

Let va[ denote the cone of positive definite |V|x|V| matrices.
Lemma 8.22 If G is a complete ancestral graph then the mapping

fo:®(G) —» R fovl given by {p, @) — (p, Sgsp)
is a diffeomorphism from ®(G) to RV x 57,

Proof: Corollary 8.8 establishes that fg is one-to-one. Further, by Theorem
8.9, N(G) = Ny, hence



It remains to show that fg, f5 ! are smooth. It follows from equation (1)
that the components of f; are rational functions of (i, ®), defined for all
(1, @) € ®(G). Hence, by Proposition 8.21, f¢ is smooth. Similarly, equation
(2) establishes that f;' is smooth. 0

Theorem 8.23 For an ancestral graph G(V, E), N(G) is a curved exponen-
tial family, with dimension 2 - |V| + |E|.

Proof: This follows from the definition of A'(G), the existence of a complete
ancestral supergraph of G (Lemma 5.5), Lemma 8.22 and Theorem 4.2.1 of
Kass and Vos (1997), referred to above. a

The BIC criterion for the model A (G) is given by

BIC(G) = —2In Lg(#) + In(n)(2 - |V

+ |E])

where 7 is the sample size, Lg(-) is the likelihood function and @ is the cor-
responding MLE for A(G). A consequence of Theorem 8.23 is that BIC(-) is
an asymptotically consistent criterion for selecting among Gaussian ancestral
graph models (see Haughton, 1988).

By contrast, Geiger et al. (2001) have shown that simple discrete DAG
models with latent variables do not form curved exponential families.

8.5 Parametrization via Recursive Equations with Cor-
related Errors

The Gaussian model AV(G) can alternatively be parametrized in two pieces
via the factorization of the density:

f(:KV) = f(xung}f(xv\ung } xung) (8>

The undirected component f,,, may be parametrized via an undirected
graphical Gaussian model also known as a covariance selection model
(see Lauritzen, 1996, Dempster, 1972).

The directed component, f(Zy\un, | Tung), may be parametrized via a
set of recursive equations as follows:
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(i) Associate with each v in V' \ ung a linear equation, expressing X,
as a linear function of the variables for the parents of v plus an
error term:

Xp=p + Y, b Xe + cn

wéEpalv)

(ii) Specify a non-singular multivariate normal distribution over the
error variables (€,)yev\ung (With mean zero) satisfying the condi-
tion that

if there is no edge a <> 8 in G, then Cov(e,,e€5) =0,
but otherwise unrestricted.

Note that b%; = —bss under the parametrization specified in Section 8.1.
The conditional distribution, f(Zv\ung; | ung), is thus parametrized via a
simultaneous equation model, of the kind used in econometrics and psycho-
metrics since the 1940’s. We describe the system as ‘recursive’ because the
equations may be arranged in upper triangular form, possibly with correlated
errors. (Note that some authors only use this term if, in addition, the errors
are uncorrelated.) As shown in Theorem 8.7 the set of recursive equations
described here also has the special property that the linear coefficients may
be consistently estimated via regression of each variable on its parents. This
does not hold for recursive equations in general.

8.5.1 Estimation procedures

The parametrization described above thus breaks A(G) into an undirected
graphical Gaussian model and a set of recursive equations with correlated er-
rors. This result is important for the purposes of statistical inference because
software packages exist for estimating these models: MIM (Edwards, 1995)
fits undirected Gaussian models via the IPS algorithm; AMOS (Arbuckle,
1997}, EQS (Bentler, 1986}, Proc CALIS (SAS Publishing, 1995) and LIS-
REL (Joreskog and Sérbom, 1995) are packages which fit structural equation
models via numerical optimization. Fitting the two components separately
is possible in view of the factorization of the likelihood given by equation
(8) and the variation independence of the parameters in these pieces (see
Proposition 8.2).



It should be noted that the equations used in the parametrization above
are a very special (and simple) subclass of the much more general class of
models that structural equation modelling packages can fit e.g. they only
contain observed variables. This motivates the future development of special
purpose fitting procedures.

8.5.2 Path diagrams

Path diagrams, introduced by Sewall Wright (1921, 1934), contain directed
and bi-directed edges, but no undirected edges, and are used to represent
structural equations in exactly the way described in (i) and (ii) above. Hence
we have the following:

Proposition 8.24 If G is an ancestral graph containing no undirected edges
then N(G) is the model obtained by regarding G as a path diagram.

Further results relating path diagrams and graphical models are described
in Spirtes et al. (1998), Koster (1999a,b, 1996) and Spirtes (1995). The rela-
tionship between Gaussian ancestral graph models and Seemingly Unrelated
Regression (SUR) models (Zellner, 1962) is discussed in Richardson et al.
(1999).

8.6 Canonical DAGs Do Not Provide a Full Parametriza-
tion

It was proved in Section 6 that the canonical DAG D(G) provides a way of
reducing the global Markov property for ancestral graphs to that of DAGs.
It is thus natural to consider whether the associated Gaussian independence
model could be parametrized via the usual parametrization of this DAG. In
fact, this does not parametrize all distributions in NV (J,,(G)) as shown in the
following example:

Consider the ancestral graph G;, and the associated canonical DAG,
D(G,) shown in Figure 17(i-a) and (i-b). Since J,,(G1) = 0, N (3,(G1)) = N3
the saturated model on 3 variables. However, if N is a distribution given by
a parametrization of D(G; ), then it follows by direct calculation that

‘ 1
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Figure 17: (i-a) An ancestral graph G;; (i-b) the corresponding canonical
DAG, D(G,); (ii-a) an ancestral graph G,; (ii-b) the canonical DAG, D(Gs).

where py, is the correlation between X, and X, (see Spirtes et al., 1998).
Since this does not hold for all distributions in A3, there are normal distri-
butions N € N(3,,(G1)) for which there is no distribution N* € N (D(G1))
such that N = N*[, | .

Lauritzen (1998) p.12 gives an analogous example for conditioning, by
considering the graph G,, with canonical DAG, D(G,), shown in Figure 17(ii-
a) and (ii-b). Lauritzen shows that there are normal distributions N €
N (3.(G2)), for which there is no distribution N* € N (D(G,)) such that
N = Ar*[{axyvf’u»"zw»dyw}.

These negative results are perhaps surprising given the very simple nature
of the structure in D(G), but serve to illustrate the complexity of the sets of
distributions represented by such models.

9 Relation to Other Work

The problem of constructing graphical representations for the independence
structure of DAGs under marginalizing and conditioning was originally posed
by N. Wermuth in 1994 in a lecture at CMU. Wermuth, Cox and Pearl devel-
oped an approach to this problem based on summary graphs (see Wermuth
et al., 1994, 1999, Cox and Wermuth, 1996, Wermuth and Cox, 2000). More
recently J. Koster has introduced another class of graphs, called MC-graphs,
together with an operation of marginalizing and conditioning. (See Koster,
2000, Koster, 1999a, Koster, 1999b.)

In Figure 18 we show two examples of data generating processes, together
with the maximal ancestral graph, summary graph and MC-graphs resulting

o
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after marginalizing (i) and conditioning (ii).

Simple representations for DAGs under marginalization alone were pro-
posed by Verma (1993), who defined an operation of projection which trans-
forms a DAG with latent variables to another DAG in which each latent
variable has exactly two children both of which are observed (called a ‘semi-
Markovian model’). The operation is defined so that the DAG and its projec-
tion are Markov equivalent over the common set of observed variables. This
approach does not lead to a full parametrization of the independence model
for the reasons discussed in Section 8.6.

In this section we will briefly describe the classes of summary graphs and
MC-graphs. We then outline the main differences and similarities to the
class of maximal ancestral graphs. Finally we discuss the relation between
ancestral graphs and chain graphs.

9.1 Summary Graphs

A summary graph is a graph containing three types of edge —, —, -
Directed cycles may not occur in a summary graph, but it is possible for
there to be a dashed line (o--- 3) and at the same time a directed path
from « to 8. Thus there may be two edges between a pair of vertices, e.g.
a =y . This is the only combination of multiple edges that is permitted.
The separation criterion for summary graphs is equivalent to m-separation
after substituting bi-directed edges (++) for dashed edges (----).

Wermuth et al. (1999) presents an algorithm for transforming a summary
graph so as to represent the independence structure remaining among the
variables after marginalizing and conditioning. This procedure will not, in
general, produce a graph that obeys a pairwise Markov property, hence there
may be a pair of vertices «, J that are not adjacent and yet there is no subset
Z of the remaining vertices for which the model implies vl 3 | Z. The graph
in Figure 18(i-c) illustrates this. There is no edge between @ and ¢, and yet
aflc and aflc | b. This example also illustrates that there may be more
edges than pairs of adjacent vertices in a summary graph.

Wermuth and Cox (2000} present a new method for constructing a sum-
mary graph based on applying ‘sweep’ operators to matrices whose entries
indicate the presence or absence of edges. Kauermann (1996) analyses the
subset of summary graphs that only involve dashed edges, which are also
known as covariance graphs.
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Figure 18: (i-a) a DAG generating process D;; (i-b) the ancestral graph
’Dl[?zl,zq}; the summary graph (i-c) and MC-graph (i-d) resulting from
marginalizing [;,l; in D;. (ii-a) a DAG generating process Dy; (ii-b) the
ancestral graph D,[!"; the summary graph (ii-c) and MC-graph (ii-d) result-

ing from conditioning on s in Dj.

9.2 MC-Graphs

Koster (1999a,b) considers MC-graphs, which include the three edge types
— ,—, ¢, but in addition may also contain undirected self-loops (see vertex
b in Figure 18(ii-d)). Up to four edges may be present between a pair of
vertices, e.g.
{...
o = 3.

The global Markov property used for MC-graphs is identical to the m-
separation criterion (Koster names the criterion ‘d-separation’ because it is
a natural generalization of the criterion for DAGs). Koster presents a pro-
cedure for transforming the graph under marginalizing and conditioning. As
with the summary graph procedure the transformed graph will not generally
obey a pairwise Markov property, and may have more edges than there are
pairs of vertices.

9.3 Comparison of Approaches

The three classes of graphs: ancestral graphs, summary graphs and MC-
graphs have been developed with similar goals in mind, hence it is not sur-
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prising that in certain respects they are similar. However, there are also a
number of differences between the approaches.

For the rest of this section we will ignore the notational dzstmctlon be-
tween dashed lines (----) and bi-directed edges («+») by treating them as if
they were the same symbol.

9.3.1 Graphical and Markov structure

The following (strict) inclusions relate the classes of graphs:
maximal ancestral C ancestral C summary C MC.

Essentially the same separation criterion is used for ancestral graphs, sum-
mary graphs and MC-graphs. Further, defining I[-] to denote a class of
independence models, we have:

[[maximal ancestral] = I[ancestral] = I[summary] C I[MC].

The first equality is Theorem 5.1, the second equality follows by a con-
struction similar to the canonical DAG (Section 6). The last inclusion is
strict because MC-graphs include directed cyclic graphs which, in general,
are not Markov equivalent to any DAG under marginalization and condition-
ing (Richardson, 1996). In addition, there are MC-graphs which cannot be
obtained by applying the marginalizing and conditioning transformation to a
graph containing only directed edges: Figure 19 gives an example. Thus the
class of MC-graphs is larger than required for representing directed graphs
under marginalizing and conditioning. The direct analogues to Theorems 6.3
and 6.4 do not hold.

In the summary graph formed by the procedures described in Wermuth
et al. (1999), Wermuth and Cox (2000), the configurations — v --- and
— < never occur. This is equivalent to condition (ii) in the definition
of an ancestral graph. Consequently, as noted by Wermuth et al. (1999) a
decomposition of the type shown in Figure 4 is possible for summary graphs.
However, though directed cycles do not occur in summary graphs, the ana-
logue to condition (i) does not hold, since it is possible to have an edge o ----
and a directed path from « to 5.

The marginalizing and conditioning transformation operations for sum-
mary graphs and MC-graphs are ‘local’ in that they make changes to triples of
adjacent vertices. In contrast the transformation G — G| i requires pairwise
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Figure 19: An MC-graph which cannot be obtained by applying the marginal-
izing and conditioning transformation given by Koster (2000) to a graph
which contains only directed edges. Further, the independence model corre-
sponding to this MC-graph cannot be obtained by marginalizing and condi-
tioning an independence model represented by a directed graph.

tests of m-separation to be carried out in order to determine the adjacencies
present in G[°. This may make the transformation harder for a human to
carry out. On the other hand the transformation given by Wermuth is recur-
sive, and tests for the existence of an m-connecting path can be performed
by a recursive procedure that only examines triples of adjacent vertices. It
can be said that the MC-graph and summary graph transformations may in
general be performed in fewer steps than the ancestral graph transformation.

However, a price is paid for not performing these tests of m-separation:
whereas G} always obeys a pairwise Markov property (Corollary 4.19), the
summary graphs and MC graphs resulting from the transformations do not
do so in general. This is a disadvantage in a visual representation of an
independence model insofar as it conflicts with the intuition, based on sepa-
ration in undirected graphs, that if two vertices are not connected by an edge
then they are not directly connected and hence may be made independent by
conditioning on an appropriate subset of the other vertices.

9.3.2 Gaussian parametrization

For summary graphs, as for ancestral graphs, the Gaussian parametrization
consists of a conditional distribution and a marginal distribution. Once again,
the marginal parametrization is specified via a covariance selection model and
the conditional distribution via a system of structural equations of the type
used in econometrics and psychometrics as described in Section 8.5 (see Cox
and Wermuth, 1996). Under this parametrization one parameter is associated
with each edge and vertex in the graph.

As described above, it is possible for a summary graph to contain more



edges than there are pairs of adjacent vertices. Consequently, the Gaussian
model associated with a summary graph will not be identified in general, and
the analogous result to Corollary 8.8 will not hold. Thus the summary graph
model will sometimes contain more parameters than needed to parametrize
the corresponding Gaussian independence model.

On the other hand, as mentioned in the previous section, summary graphs
do not satisfy a pairwise Markov property, and hence the associated model
will not parametrize all Gaussian distributions satisfying the Markov prop-
erty for the graph. In particular, the comments concerning non-maximal
ancestral graphs apply to summary graphs (see Section 8.3.1). In other
words, parametrization of a summary graph does not, in general, lead to a
full parametrization of the independence model (see Theorem 8.14). In this
sense the summary graph model sometimes contains too few parameters.

As a consequence, two Markov equivalent summary graphs may represent
different sets of Gaussian distributions, so the analogue to Corollary 8.19 does
not hold. Thus for the purpose of parametrizing Gaussian independence
models, the class of maximal ancestral graphs has advantages over summary
graphs (and non-maximal ancestral graphs).

It should be stressed, however, that the fact that a summary graph model
may impose additional non-Markovian restrictions can be seen as an advan-
tage insofar as it may lead to more parsimonious models. For this purpose
ideally one would wish to develop a graphical criterion that would also allow
the non-independence restrictions to be read from the graph. In addition,
one would need to show that the analogue to Corollary 8.20 held for the
transformation operation, so that any non-Markovian restrictions imposed
by the model associated with the transformed summary graph were also im-
posed by the original model. Otherwise there is the possibility that while
the original model contained the true population distribution, by introducing
an additional non-Markovian constraint, the model after transformation no
longer contains the true distribution. The approach in Wermuth and Cox
(2000) considers the parametrization as derived from the original DAG in
the manner of structural equation models with latent variables. Under this
scheme the same summary graph may have different parametrizations. An
advantage of this scheme is that the strengths of the associations may be
calculated if we know the parameters of the generating DAG.

Finally, note that the linear coefficients occurring in the equations in a
summary graph model do not always have a population interpretation as
regression coefficients. This is because there may be an edge - 3 and a
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directed path from « to 8. (However, coefficients associated with edges v — §
where v is a vertex in the undirected subgraph do have this interpretation,
as noted by Wermuth and Cox (2000).) Hence the analogue to Theorem 8.7
does not hold for all summary graphs.

Koster (1999a,b) does not discuss parameterization of MC-graphs, how-
ever all of the above comments will apply to any parametrization which
associates one parameter with each vertex and edge. Indeed, under such
a scheme identifiability will be more problematic than for summary graphs
because MC-graphs permit more edges between vertices in addition to self-
loops.

9.4 Chain Graphs

A mixed graph containing no partially directed cycles, and no bi-directed
edges is called a chain graph. (Recall that a partially directed cycle is an
anterior path from « to 3, together with an edge § — «.) There is an
extensive body of work on chain graphs. (See Lauritzen (1996) for a review.)

As was shown in Lemma 3.2(c) an ancestral graph does not contain par-
tially directed cycles, hence we have the following:

Proposition 9.1 If G is an ancestral graph containing no bi-directed edges
then G is a chain graph.

In fact, it is easy to see that the set of ancestral chain graphs are the
recursive ‘causal’ graphs introduced by Kiiveri et al. (1984); see also Lauritzen
and Richardson (2002) and Richardson (2001).

Two different global Markov properties have been proposed for chain
graphs. Lauritzen and Wermuth (1989) and Frydenberg (1990a) proposed
the first Markov property for chain graphs. More recently Andersson et al.
(2001, 1996) have proposed an alternative Markov property. We will denote
the resulting independence models Jpy p(G) and Japp(G) respectively.

The m-separation criterion as applied to chain graphs produces yet an-
other Markov property. (This observation is also made by Koster (1999a).) In
general all three properties will be different, as illustrated by the chain graph
in Figure 20(i}. Under both the AMP and LWF properties alLb in CG;,
but this does not hold under m-separation because the path ¢ — z —y « b
m-connects ¢ and b given the empty set. The AMP property implies a_lly,
while this is not implied by m-separation or the LWF property. Note that
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under m-separation this chain graph is Markov equivalent to an undirected
graph.

a b 117 c d
L e b

® (ii) (iii)

Figure 20: Chain graphs that are not Markov equivalent to any ancestral
graph under (i) the LWF property, (ii) the AMP property; (iii) an ancestral
graph for which there is no Markov equivalent chain graph (under either
Markov property).

However, if we restrict our attention to ancestral graphs then we have the
following proposition:

Proposition 9.2 If G is an ancestral graph which is also a chain graph then
3n(G) = Towr(G) = Jamp(G).

This proposition is an immediate consequence of clause (i) in the defi-
nition of an ancestral graph which implies that there are no immoralities,
flags or bi-flags in an ancestral mixed graph. (See Frydenberg (1990a) and
Andersson et al. (1996) for the relevant definitions.)

Finally, note that under both the LWF and AMP Markov properties there
exist chain graphs that are not Markov equivalent to any ancestral graph.
Examples are shown in Figure 20(i),(ii). It follows that these Markov models
could not have arisen from any DAG generating process. (See Lauritzen and
Richardson (2002) and Richardson (1998) for further discussion.) Conversely,
Figure 20(iii) shows an example of an independence model represented by an
ancestral graph that is not Markov equivalent to any chain graph (under
either chain graph Markov property).

10 Discussion

In this paper we have introduced the class of ancestral graph Markov models.
The purpose in introducing this class was to be able to characterize the
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Markov structure of a DAG model under marginalizing and conditioning. To
this end we defined a graphical transformation G g[i which corresponded
to marginalizing and conditioning the corresponding independence model
(Theorem 4.18).

If a DAG model containing latent or selection variables is hypothesized
as the generating mechanism for a given system then this transformation will
allow a simple representation of the Markov model induced on the observed
variables.

However, often graphical models are used for exploratory data analysis,
where little is known about the generating structure. In such situations the
existence of this transformation provides a guarantee: if the data were gen-
erated by an unknown DAG containing hidden variables then we are ensured
that there exists an ancestral graph which can represent the resulting Markov
structure over the observed variables. Hence the problem of additional and
misleading edges encountered in the introduction may be avoided. In this
context the transformation provides a justification for using the class of an-
cestral graphs.

However, any interpretation of the types of edge present in an ances-
tral graph which was arrived at via an exploratory analysis should take into
account that there may exist (many) different graphs that are Markov equiv-
alent. Spirtes and Richardson (1997) present a polynomial-time algorithm
for testing Markov equivalence of two ancestral graphs. Spirtes et al. (1995,
1999) describe an algorithm for inferring structural features that are com-
mon to all maximal ancestral graphs in a Markov equivalence class. For
instance, there are Markov equivalence classes in which every member con-
tains a directed path from some vertex o to a second vertex j3; likewise in
other Markov equivalence classes no member contains a directed path from «
to 5. At the time of writing there is not yet a full characterization of common
features, such as exists for DAG Markov equivalence classes (see Andersson
et al., 1997, Meek, 1995a).

Finally, we showed that maximal ancestral graphs lead to a natural para-
metrization of the set of Gaussian distributions obeying the global Markov
property for the graph. Conditions for the existence and uniqueness of max-
imum likelihood estimates for these models is currently an open question.

Development of a parametrization for discrete distributions is another
area of current research. Richardson (2002) describes a local Markov prop-
erty for a class of graphs that includes all ancestral graphs without undirected
edges. This local Markov property is equivalent to the global Markov prop-
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erty, and may thus facilitate the development of a discrete parametrization.
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A Appendix

A.1 Definition of a Mixed Graph

Let £ = { —,,—, <}, be the set of edges. Let PB(E) denote the power set
of £. Formally, a mized graph G = (V, E) is an ordered pair consisting of
a finite set V', and a mapping E : V x V — PB(E€), subject to the following
restrictions:

Ela,a) = 0
— € FEla,p) = — € Ef
~— € FElo,p) > - € E(f,a)
~ € Ela,g) == ~ € B a).
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The induced subgraph, G4 of Gon A C V,is (A, E|4) where E|, is the natural
restriction of £ to A x A.
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